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We present a new solution to the cosmological constant (CC) and coincidence problems in which
the observed value of the CC, Λ, is linked to other observable properties of the universe. This
is achieved by promoting the CC from a parameter which must to specified, to a field which can
take many possible values. The observed value of Λ ≈ (9.3Gyrs)−2 (≈ 10−120 in Planck units) is
determined by a new constraint equation which follows from the application of a causally restricted
variation principle. When applied to our visible universe, the model makes a testable prediction for
the dimensionless spatial curvature of Ωk0 = −0.0056(ζb/0.5); where ζb ∼ 1/2 is a QCD parameter.
Requiring that a classical history exist, our model determines the probability of observing a given
Λ. The observed CC value, which we successfully predict, is typical within our model even before
the effects of anthropic selection are included. When anthropic selection effects are accounted for,
we find that the observed coincidence between tΛ = Λ
−1/2 and the age of the universe, tU, is a
typical occurrence in our model. In contrast to multiverse explanations of the CC problems, our
solution is independent of the choice of a prior weighting of different Λ-values and does not rely on
anthropic selection effects. Our model includes no unnatural small parameters and does not require
the introduction of new dynamical scalar fields or modifications to general relativity, and it can be
tested by astronomical observations in the near future.
PACS numbers: 98.80.Cq
I. INTRODUCTION
The cosmological constant (CC), λ, was first intro-
duced by Einstein in 1917 [1] to ensure that his new gen-
eral theory of relativity admitted a static cosmological
solution. The introduction of λ required only the ad-
dition of the divergence-free term −λgµν to the original
field equations:
Gµν = Rµν−1
2
Rgµν = 8πGT µν → Gµν = 8πGT µν−λgµν ,
where Rµν is the Ricci curvature of gµν , and Tµν is the
energy-momentum tensor of matter. It was not an easy
matter to unambiguously interpret the astronomical data
concerning galaxy motions and attribute them to system-
atic recession rather than a steady lateral drift. The first
observations of galaxy redshifts were made by Slipher in
1912 [2]. By 1917, Slipher had measured the redshifts of
25 spiral galaxies; all but four of them were found to be
receding from us [3]. In 1917 de Sitter [4] found an empty
expanding solution with a λ term present and in the early
1920s, Friedmann discovered a class of homogeneous and
isotropic cosmological solutions of general relativity with-
out a λ term. These cosmological models were not static
but could either expand or contract. Lemaˆıtre found a
wide range of expanding and contracting universes, both
with and without λ in 1927 and also predicted the the-
oretical relationship between distance and redshift in an
expanding universe [6, 7]. Notably, Lemaˆıtre proposed
that an expanding universe could explain the velocities
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of galaxies first measured by Slipher and first deduced
what became known as ‘Hubble’s Law’ (unfortunately
the translation [6] omitted the crucial footnote where it
appears in the original). Two years later, Hubble and
Humason empirically derived the redshift-distance rela-
tion [10]. This led to the static universe model, which
first motivated Einstein to introduce λ, being abandoned
in favour of the now familiar expanding universe cosmol-
ogy. Lemaˆıtre had also demonstrated the instability of
the static universe model with respect to conformal per-
turbations. Unaware of Lemaˆıtre’s work, Eddington had
also proved the instability of the static universe against
density perturbations [8] (the full stability analysis was
only completed in 2003 and can be found in [9]). How-
ever, some scientists, notably Eddington, believed that
λ was a n essential part of general relativity because it
offered a possible link between gravitation and micro-
physics [11, 12].
Whilst the original motivation for a CC evaporated, it
was later appreciated that there were other, more funda-
mental reasons for its presence (see e.g. Ref. [13] for a
discussion of this and for a modern review see Ref. [14]).
Quantum fluctuations result in a vacuum energy, ρvac,
which contributes to the expected value of the energy
momentum tensor of matter:
〈T µν〉 = T µνm − ρvacgµν ,
where T µνm vanishes in vacuo. The quantum expectation
of the energy-momentum tensor, 〈T µν〉, acts as a source
for the Einstein tensor. Hence, we have:
Gµν = 8πGT µνm − Λgµν , Λ = λ+ 8πGρvac.
It is clear from this that the vacuum energy, ρvac, pro-
vides a contribution, 8πGρvac, to the effective cosmologi-
cal constant, Λ. Even if the ‘bare’ cosmological constant
2is assumed to vanish, λ = 0, the effective cosmological
constant will generally be non-zero. Requiring that Λ = 0
means there must be an exact cancellation of the ‘bare’
cosmological constant, λ, and the vacuum energy stress,
8πGρvac.
Formally, the value of ρvac predicted by a general quan-
tum field theory in a flat Minkowski space background is
infinite. If we assume that the field theory is only valid
up to some energy scale M∗, then there is a contribu-
tion to ρvac of O(M
4
∗ ). Collider experiments have estab-
lished that the standard model is accurate up to energy
scalesM∗ & O(MEW) whereMEW ≈ 246GeV is the elec-
troweak scale. We would therefore expect ρvac to be at
least O(M4EW).
In the absence of any new physics between the elec-
troweak and the Planck scale, Mpl = 2.4 × 1018GeV,
where quantum fluctuations in the gravitational field
can no longer be safely neglected, we would expect
ρvac ∼ O(M4pl). Astrophysical observations do, how-
ever, strongly suggest there exists some new form of
dark, weakly interacting matter, beyond that described
by the standard model. The most developed theoreti-
cal extensions of the standard model, which include can-
didates for this dark matter, introduce an additional
supersymmetry (SUSY) between fermions and bosons.
If supersymmetry were an unbroken symmetry of Na-
ture, the quantum contributions to the vacuum energy
would all exactly cancel leaving ρvac = 0 ⇒ Λ = λ.
However, our universe is not supersymmetric today, and
so SUSY must have been broken at some energy scale
MSUSY, where 1TeV . MSUSY . Mpl and so we expect
ρvac ∼ O(M4SUSY).
Given the standard model of particle physics and rea-
sonable extensions of it, a ρvac somewhere betweenM
4
EW
and M4pl appears unavoidable. Furthermore, in the ab-
sence of exact cancellations, we would expect the effective
vacuum energy,
ρeffvac =
λ
8πG
+ ρvac ≡ Λ
8πG
,
to be no smaller than ρvac, giving an estimate of ρ
eff
vac &
O(M4EW). This cannot, however, be the case.
The expansion rate of our universe is sensitive to ρeffvac,
or equivalently Λ, through Einstein’s equations. Mea-
surements of this expansion rate have established that(
ρeffvac
)1/4 ≈ 2.4 ± 0.3 × 10−12GeV [15] and this implies
that ρeffvac is some 10
60 − 10120 times smaller than the
expected contribution from quantum fluctuations.
This gives rise to the cosmological constant problem:
“Why is the measured effective vacuum energy or cos-
mological constant so much smaller than the expected
contributions to it from quantum fluctuations?” Equiva-
lently, assuming the estimate of ρvac from quantum fluc-
tuations is accurate: “Why does the approximate equal-
ity λ ≈ −8πGρvac hold good to an accuracy of somewhere
between 60 to 120 decimal places?” A fuller exposition
and review of the cosmological constant problem and ear-
lier attempts at its solution can be found in Weinberg in
Ref. [14].
Observations of the cosmic microwave background
(CMB) [15], Type Ia Supernovae (SNe Ia) [17–20], and
large scale structure (LSS) [21, 22] all strongly pre-
fer a small (but non-zero) value for ρeffvac: specifically,
ρeffvac = (3.8±0.2)×10−6GeV cm−3 [15]. This presents an
additional conundrum; it is easier to conceive a situation
where |ρvac + Λ/8πG| is exactly zero, than one in which
the cancellation between the two terms is very nearly ex-
act. This is related to the coincidence problem which we
describe in more detail below.
The presence of an (effective) cosmological constant,
Λ, introduces a fixed time-scale: tΛ = Λ
−1/2. Curiously,
the observed value of tΛ ≈ 9.3Gyrs is of the same or-
der as the age of universe today tU ≈ 13.7Gyrs. This
gives rise to the coincidence problem: “Why is tΛ ∼ tU
today?” The epoch at which we observe the universe is
conditioned by the requirement that the universe be old
enough for typical stars to have experienced a period
of stable hydrogen burning and then produce the heav-
ier elements required for biological complexity [16]. The
characteristic time-scale, t∗, over which this occurs is de-
termined by a combination of the constants of nature:
t∗ ∼ α2em/Gmpme = 5.7Gyrs [23]. Naturally, one ex-
pects that tU ∼ O(1)t∗, which is indeed the case. Thus,
the coincidence problem can be alternatively viewed as
the coincidence of two fundamental time scales, tΛ and
t∗, determined entirely by fundamental constants of Na-
ture. The coincidence problem is then simply “Why is
tΛ ∼ t∗?”
The coincidence problem is puzzling because it implies
that we live at a special epoch tU when, by chance tΛ ∼
O(tU ∼ t∗), or that there is some deep reason, related to
the solution of the cosmological constant problem, why
Λ is such that tΛ ∼ t∗(∼ tU ).
Recently, in the field of cosmology, there has been more
literature addressing the coincidence problem than the
cosmological constant problem. It is generally assumed
(or perhaps hoped) that there is a dynamical mechanism
that ensures that ρeffvac = ρvac + λ/8πG vanishes exactly.
The observed effective cosmological constant then comes
about due to some other mechanism e.g. the energy den-
sity of a slowly rolling scalar field. In dark energy mod-
els, for instance, the effective cosmological constant is
not actually constant. Instead there is a additional field
(the eponymous dark energy) whose energy density has
caused the expansion of the universe to accelerate in such
a way that is, up to current measurement accuracy, indis-
tinguishable from the effect of a cosmological constant.
Whilst some dark energy models can alleviate the coin-
cidence problem, they invariably feature a high degree of
fine tuning to ensure that the transition to a dark energy
dominated expansion occurs at a time scale ∼ O(t∗).
Although in principle it seems natural for Λ to be sig-
nificantly larger than t−2U (i.e. tΛ ≪ tU), first Barrow
and Tipler [23], and then Weinberg [24] and Efstathiou
[25], showed that ’observers’ similar to ourselves could
3not exist if this were the case. Our existence requires
that small inhomogeneities in the early universe are able
to grow by gravitational instability so as to form galaxies
and stars. If Λ is too large this cannot occur: gravita-
tional instabilities turn off once the universe starts accel-
erating. The requirement that galaxies and stars exist
places an anthropic upper-bound on observable values of
Λ equivalent to tΛ & 0.7Gyrs [23]. If there is only one
universe, with one value of Λ, the anthropic constraint
on Λ brings us no closer to understanding why Λ is so
small (although if some ’constants vary cosmologically
there is the possibility that a small non-zero Λ might be
anthropically necessary in order to switch off variations
in constants before they stop atoms from existing, see ref
[26]). However, if there are many possible universes (or
a ’multiverse’) each with different values of Λ, then our
universe could only ever be in the (possibly small) subset
of universes where tΛ & 0.7Gyrs.
If we knew the prior probability distribution, fprior(Λ),
of values of Λ in such a multiverse, one could then calcu-
late the conditional probability of finding tΛ ∼ tU given
the requirement that observers such as ourselves exist.
Weinberg [24] noted that if fprior(Λ) ≈ const for tΛ &
0.7Gyrs, we would typically expect tΛ ∼ few× 0.7Gyrs.
The observed value of tΛ ∼ 9.3Gyrs would then look
fairly reasonable, and one could argue that the cosmolog-
ical constant and coincidence problems had been solved.
This fprior(Λ) corresponds to an approximately uniform
distribution of Λ values smaller than the anthropic upper-
bound. Such an f(Λ) is not, however, the only reason-
able possibility for the prior distribution. If, for instance
Λ =Mple
φ, and values of φ were uniformly distributed in
the multiverse, one would naturally expect Λ to be much
smaller than the anthropic upper-bound i.e. tΛ ≫ tU
(and fprior(Λ) ∝ Λ−1). Before we had observations con-
sistent with a non-zero value of Λ, Coleman [27, 28] and
Hawking [29], and later Ng and van Dam [31], used eu-
clidean approaches to quantum gravity to argue that the
distribution of Λ values should be strongly peaked about
Λ = 0 (i.e. fprior(Λ) = exp(3π/GΛ)) with a form that is
interestingly characteristic of a Fisher-Tippett extreme-
value distribution [30]. Again, this would make tΛ ∼ tU
seem highly unnatural.
Ultimately, we would like to calculate fprior(Λ) from
some fundamental theory. Currently, the notion of a mul-
tiverse with different values of Λ seems to have a natural
realization in the some 10500 different vacua of string the-
ory (see e.g. Ref. [32]). A derivation of fprior(Λ) in this
landscape of string vacua for those vacua compatible with
life still represents a major theoretical challenge. Com-
mon criticisms of anthropic selection in a multiverse as a
explanation of the CC problems are that it is not clear
that observers similar to ourselves are the only potential
observers we should consider when restricting possible
values of Λ; or that this explanation, as it is currently un-
derstood, makes no sharp predictions that can be tested
by observations.
Ideally, we would like to find explanations of the cos-
mological constant and coincidence problems that are
natural, in the sense of requiring little or no fine tun-
ing, and are, at least in principle, falsifiable by future
observations. In this paper we propose such a solution.
Formally, we propose a paradigm which can be applied to
a variety of models, including extensions of general rel-
ativity and extra dimensions, and sometimes in a num-
ber of different ways. This paradigm establishes a new
field equation for the bare cosmological constant λ which
determines its value in terms of other properties of the
observed universe. Crucially, one finds the effective cos-
mological constant, Λ, which is a sum of the bare cos-
mological constant and quantum fluctuations, to be of
the observed order of magnitude Λ ∼ O(t−2U ). When our
proposal is applied to general relativity, Λ is not seen
to evolve (i.e. it is constant throughout the universe).
Hence, the resulting cosmology is indistinguishable from
general relativity with the value of Λ put in by hand.
However, any given application of our theory produces a
firm prediction for Λ in terms of other measurable quanti-
ties. If the actual value of Λ deviates from this predicted
value then that particular application of the paradigm
is ruled out. It should be stressed that our paradigm is
equally applicable to models where general relativity is
modified in some way, or where there are more than four
dimensions. In such theories, the order of magnitude of
the predicted effective cosmological constant is generally
the same as it is in 3+1 general relativity.
The rest of this paper is laid out as follows: We specify
and describe our new scheme to solve the cosmological
constant problems in §II. In §III, we apply it to a realistic
model of our universe. We find that the predicted value
of Λ depends in detail on the spatial curvature and energy
density of baryonic matter. Given the measured value of
Λ, this results in a prediction for the spatial curvature
of the observable universe if our scenario is the correct
explanation for the observed value of Λ.
In inflationary scenarios, different regions of the uni-
verse undergo different amounts of inflation (measured
by the number of e-folds, N). The observed spatial cur-
vature scales as exp(−2N) following inflation, and so the
spatial curvature would be different in each bubble uni-
verse according to the amount of inflation it experiences.
Our model therefore provides a link between the proba-
bility of living in a bubble universe where a given value of
the cosmological constant is observed and the duration
of inflation in that bubble. In §III C we calculate the
probability of living in a bubble universe where tΛ coin-
cides with tU and find that, in our model it is indeed a
typical occurrence. Our conclusions, together with a list
of answers to some possible questions about our scheme
and its application to cosmology, are found in §IV. Some
detailed background calculations are presented in the ap-
pendices. We have provided a condensed presentation of
our proposal in Ref. [50]. We work throughout with a
metric signature (− + ++) and units where c = ~ = 1;
we denote κ = 8πG.
4II. A PROPOSAL FOR SOLVING THE CC
PROBLEMS
In this section we propose a new approach to solve
the cosmological constant (CC) problems without fine
tuning.
Preliminaries: We begin with some preliminary def-
initions. We will take the total action of the universe
defined on a manifold M, and with effective cosmolog-
ical constant Λ, to be Itot[gµν ,Ψ
a,Λ;M], where Ψa are
the matter fields and gµν is the metric field. We define
∂M = ∂MI ∪ ∂Mu where ∂MI denotes some initial
hypersurface, and ∂Mu denotes the rest of ∂M.
As usual, provided certain quantities are held fixed on
∂M, the classical field equations result from the require-
ment that Itot[gµν ,Ψ
a,Λ;M] be stationary with respect
to small variations in gµν and Ψ
a. We represent the
classical field equations for gµν and Ψ
a by Eµν = 0
and Φa = 0, respectively. The quantities that must
be held fixed on ∂M depend on the surface terms in
Itot. For instance, it is well known that we can introduce
the Gibbons-Hawking-York (GHY) surface term on ∂M
[35, 36] into Itot so that the only quantities that need
to be fixed on the boundary are the fields Ψa and the
induced 3-metric, γµν , on ∂M.
In general, the quantities that must be held fixed can-
not be freely specified on ∂M. The classical fields gener-
ally imply consistency conditions that must be satisfied
by these quantities. This is particularly the case if some
parts of ∂M are causally connected to other parts. For
instance, if ∂MI represents a Cauchy surface for ∂Mu,
then the γµν and Ψ
a on ∂Mu will be at least partially de-
termined by the specification of the initial data on ∂MI
and by the field equations Eµν = 0 and Φa = 0.
We define
{
QA
}
to be a minimal set of quantities that
need be freely specified on ∂M and held fixed, such that
Itot is a stationary point with respect to variations in gµν
and Ψa. For definiteness, we consider the total action
with GHY surface term and focus on the variation of the
metric. For an unconstrained metric variation we have:
δItot =
1
2κ
∫
∂M
√
|γ| d3xNµνδγµν
+
1
2κ
∫
M
√−g d4xEµνδgµν ,
for some tensor Nµν . We hold some
{
QA
}
fixed and
decompose the variations in gµν into gµν = g
(0)
µν +
δg
(M)
µν + δg
(∂M)
µν . We define δγ
(M)
µν and δγ
(∂M)
µν respec-
tively to be the projections of δg
(M)
µν and δg
(∂M)
µν onto
∂M. The decomposition of the metric variation is per-
formed so that δγ
(M)
µν = 0 and a priori δγ
(∂M)
µν 6= 0.
We write g¯µν = g
(0)
µν + δg
(∂M)
µν . Minimizing the action
with respect to fluctuations δg
(M)
µν that vanish when pro-
jected onto ∂M requires: Eµν [g¯µν ] = 0. This equation,
combined with the fixed
{
QA
}
, constrains the form of
δγ
(∂M)
µν . We require that fixing the set
{
QA
}
and impos-
ing Eµν [g¯µν ] = 0 are sufficient to determine that, with
fixed Λ, Nµνδγµν = N
µνδγ
(∂M)
µν
∼= 0, where ∼= 0 here
indicates that Nµνδγµν is a total derivative and hence
δItot = 0 when E
µν = 0. Usually this implies that
Eµν = 0 and the fixed
{
QA
}
completely fix the induced
metric (γµν) up to diffeomorphisms of ∂M. This is just
a restatement of the usual variational principle.
The gravitational field equations, Eµν = 0, depend on
the (effective) cosmological constant Λ. It follows that
the metric γµν on ∂M determined by
{
QA
}
and Eµν = 0
depends on Λ. Usually, Λ is treated as a fixed parameter,
either put in by hand or picked from a distribution of
different values in a multiverse. With Λ fixed, the
{
QA
}
and the equations Eµν = 0 then fix γµν , and hence imply
δγµν = 0. However, if Λ is varied by some small amount
δΛ, one would have:
δγµν = HµνδΛ,
where
Hµν = δγµν
δΛ
∣∣∣∣
Eµν=Φa=0;{QA}
.
Similarly, for the matter fields, we can define Pa by:
Pa = δΨ
a
δΛ
∣∣∣∣
Eµν=Φa=0;{QA}
.
A New Proposal: Given the definitions above, our
proposal for solving the CC problems is as follows:
• We promote the bare cosmological constant, λ,
from a fixed parameter to a field (albeit one that
is constant in space and time). Quantum mechan-
ically, the partition function of the universe (see
§II A below) includes a sum over all possible values
of λ in addition to the usual sum over configura-
tions of gµν and Ψ
a. The effective cosmological
constant, Λ, is equal to λ + const and so a sum
over all possible values of λ is equivalent to a sum
over all Λ. This sum over Λ is defined up to an
unknown weighting function, µ[Λ], which is similar
to the prior weighting of different Λ in multiverse
models.
• We sum over configurations of gµν and Ψa keeping
some data
{
QA
}
fixed on the boundary, ∂M, of the
manifold M on which the action, Itot, is defined.
• The classical field equations are found by requiring
that δItot = 0 with respect to variations in the fields
that preserve
{
QA
}
. For variations of gµν and Ψ
a,
this gives respectively Eµν = 0 and Φa = 0. The
classical value of the effective cosmological constant
is now determined by the requirement that Itot be
stationary with respect to variations in Λ i.e.
δItot
δΛ
∣∣∣∣
{QA}
= 0.
5Crucially, this new field equation for Λ includes
contributions from the variation of the boundary
values of gµν and Ψ
a with respect to Λ (with fixed{
QA
}
). This provides a non-trivial equation for
the classical value of the effective cosmological con-
stant in M. Note that this classical field equation
for Λ is independent of the prior weighting µ[Λ].
• The classical value of the effective CC, Λ, that is de-
termined in this way does not depend on the quan-
tum vacuum energy. It is instead determined by
M, and the fixed quantities {QA} (which could be
taken as the initial conditions). Because Λ is no
longer determined by ρvac, the quantum cosmolog-
ical constant problem is evaded in our proposal.
• Finally, we construct a concrete application by de-
manding that, for a given observer, the sum of dif-
ferent configurations of the partition function de-
pends only on the potential configurations in the
observer’s causal past. This implies that M is the
causal past of the observer. Given this choice, or
similar choices, forM, an order of magnitude esti-
mate for the classical value of Λ seen by an observer
at a time when the age of the universe is tU is al-
ways Λ ∼ O(t−2U ) and a solution of the coincidence
problem is ensured.
We define Iclass(Λ;M) to be the value of
Itot[gµν ,Ψ
a,Λ;M] evaluated with gµν and Ψa obeying
their classical field equations for fixed boundary /
initial conditions,
{
QA
}
. We show below that the field
equation for the effective CC, Λ, is then given succinctly
by
dIclass(Λ;M)
dΛ
= 0. (1)
In this rest of this section we present a more detailed
statement of our proposal for solving the CC problem,
give the general form of the new field equation for Λ, and
show that the classical value of the CC determined by
this equation is typically expected to be of the observed
order of magnitude.
A. Partition Function of the Universe
A relatively simple and revealing statement of our pro-
posed paradigm for determining the effective CC can be
given in terms of the partition function (or quantum
state), Z, of the universe. Z is given by a sum over
all possible configurations of fields, consistent with cer-
tain fixed quantities on the boundary (i.e. the
{
QA
}
)
and weighted by exp(iItot), where Itot is the total action.
The action is defined on a manifold M with boundary
∂M. The fields are the metric, gµν , and supporting mat-
ter fields, Ψa.
In the usual approach the bare CC, λ, is not a field, in
the sense that its different configurations are summed;
rather, it is a fixed parameter which determines Itot.
With fixed λ the partition function is Z[λ;M] ≡ ZΛ[M]
where Λ = λ+ const and:
ZΛ[M] =
∑
gµν ,Ψ
a
fixed {QA}
eiItot[gµν ,Ψ
a,Λ;M]
× [gauge fixing terms] .
In the classical limit ZΛ[M] is dominated by config-
urations gµν and Ψ
a that are compatible with the fixed{
QA
}
for which Itot is stationary. We assume there are
N such classical solutions (not related by gauge transfor-
mations) and for the αth solutions : Itot[gµν ,Ψ
a,Λ;M] =
I
(α)
class[Λ;M]. In this limit, we have
ZΛ[M] ≈
N∑
α=1
eiI
(α)
class[Λ;M].
We demand that the quantities that must be held fixed
on ∂M, i.e. the {QA}, are independent and can be freely
specified. Hence, when they are held fixed, the stationary
points of Itot correspond to configurations obeying the
usual classical field equations, Eµν = Φa = 0.
We propose to promote λ from a fixed parameter to a
‘field’ whose different configurations are summed over in
the partition function. The introduction of a sum over λ
is only defined up to some arbitrary weighting function
µλ ≡ µ[Λ]. The total partition function for the scenario
we have proposed is then simply given by:
Z[M] =
∑
Λ
µ[Λ]ZΛ[M]
=
∑
Λ,gµν ,Ψ
a
fixed {QA}
µ[Λ]eiItot[gµν ,Ψ
a,Λ;M]
× [gauge fixing terms] .
In principle, the weighting µ[Λ] should be determined by
a fundamental theory or some symmetry principle. Cru-
cially, we shall see that our results are independent of this
µ[Λ] and so we do not need to concern ourselves with its
precise form. This is in contrast to multiverse scenarios,
where the extent to which the observed value of the CC
is natural depends significantly on the prior weighting of
different values of Λ in the multiverse. Here, whilst gµν
and Ψa are space-time fields onM, Λ is a space-time con-
stant. In the different histories that are summed over, Λ
takes different values, but in each history it takes only one
value throughout M. We could promote Λ to a space-
time scalar field, Λ(xµ), provided we introduced a delta
function that requires ∇µΛ = 0 - see appendix A for
further discussion of this; taking this approach does not
alter our results. Alternatively, the variable λ required
in our model could be associated with the squared four-
form field strength F24, where F4 = d ∧ A3 is a 4-form
field strength andA3 is a 3-form gauge field. Such a term
6arises naturally in N = 8 supergravity in 4-dimensions
(see Ref. [34] for further details). With the inclusion
of an appropriate boundary term, the sum over different
configurations of A3 reduces to the sum over a contri-
bution, λ, to the cosmological constant with is constant
overM in each history.
Taking the classical limit for gµν and Ψ
a, Z[M] then
reduces the partition function to:
Z[M] ≈
N∑
α=1
∑
Λ
µ[Λ]eiI
(α)
class
[Λ;M].
The sum over Λ in the above expression is then dom-
inated by the value(s) of Λ for which dI
(α)
class/ dΛ = 0.
This provides the classical field equation for Λ. In order
of the universe to appear classical to an observer, there
should be a unique classical solution (once the gauge free-
doms are fixed) for gµν , Ψ
a (i.e. N = 1) and for Λ. If
there were more than one solution for Λ, some number
NΛ say, the observer would see a superposition of NΛ
classical histories each with different values of Λ. If there
were no classical solutions for Λ, the universe would be
observed to behave in a fundamentally quantum manner.
Provided a unique classical solution exists for Λ, the par-
tition function is dominated by a single history in which
the CC is Λ, as given by Eq. (1), and Itot = Iclass[Λ;M].
In the classical limit we have:
Z[M] ≈ µ[Λ]eiIclass[Λ;M].
The expectation of an observable O(gµν ,Φa,Λ) is given
by:
〈O〉 = 1
Z[M]
∑
Λ,gµν ,Ψ
a
fixed {QA}
O(gµν ,Φa,Λ)µ[Λ]eiItot[gµν ,Ψa,Λ;M]
× [gauge fixing terms] .
When Eq. (1) has a solution for the CC, and a classical
limit exists, we then have:
〈O〉 ≈ O(gµν ,Φa,Λ)
[
µ[Λ]eiIclass[Λ;M]
Z[M]
]
= O(gµν ,Φa,Λ),
which is independent of the prior weighting µ[Λ].
B. Field Equation for Λ
We have proposed a paradigm for dynamically deter-
mining the value of the effective cosmological Λ. In our
proposal, we have found that the value of Λ is given by
an additional field equation Eq. (1). In order to estimate
the order of magnitude of Λ determined by Eq. (1) it is
helpful to rewrite it in an expanded form.
The total action, Itot, is composed of the gravitational
action, Igrav, the bare matter action, Im, and the bare
cosmological constant action ICC[λ, gµν ;M], where
ICC[λ, gµν ;M] = − 1
κ
∫
M
√−g d4xλ.
In this context Im is ‘bare’ in the sense that it includes
the contribution from the matter sector to the vacuum
energy i.e. Im = Imatter + Ivac, where Imatter vanishes in
a vacuum and Ivac = ICC[κρvac, gµν ;M] gives the contri-
bution from the vacuum energy. Henceforth we refer to
Imatter as the matter action and note that it makes no
contribution to the vacuum energy. With the effective
CC, Λ, given by Λ = λ+ κρvac we have
Itot[gµν ,Ψ
a,Λ;M] = Igrav[gµν ;M] + ICC[Λ, gµν;M]
+Imatter[Ψ
a, gµν ;M].
At this stage, for illustrative purposes, we assume that
the boundary terms in Igrav and Imatter have been chosen
so that the action is first order in the derivatives of gµν
and Ψa. With this choice, small perturbations in the
fields gµν , Ψ
a, and in the bare cosmological constant λ,
give Itot → Itot + δItot, where schematically,
δItot =
∫
∂M
√
|γ| d3x
[
1
2κ
Nµνδγµν +ΣaδΨ
a
]
(2)
+
∫
M
√−g d4x
[
1
2κ
Eµνδgµν +ΦaδΨ
a
]
−δλ
κ
∫
M
√−g d4x,
for some Nµν , Σa, E
µν and Φa. Minimizing this action
with respect to variations of gµν and Ψ
a in the ‘bulk’,
M, with fixed boundary values requires Eµν = Φa = 0.
We showed above that these equations combined with
the requirement that some
{
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}
(which can be freely
specified) are fixed on the boundary, ∂M, restrict the
variations of δγµν and δΨ
a (up to gauge transformations)
on ∂M to be of the form:
δγµν |∂M = Hµνδλ, Ψa|∂M = Paδλ.
Thus, with Eµν = Φa = 0, for δItot = 0 one needs
δItot/δλ = 0, which is equivalent to dIclass/ dλ = 0, and
which, from the above, can be written as∫
∂M
√
|γ|
[
1
2κ
NµνHµν +ΣaPa
]
=
1
κ
∫
M
√−g d4x.
(3)
The forms of Hµν and Pa are determined by Eµν = 0,
Φa = 0, and the requirement that
{
QA
}
are fixed. Eq.
(3) is equivalent to Eq. (1) in the case where the bound-
ary terms in Itot are chosen so that the action is first
order in derivatives gµν and Ψ
a. Although Eq.(1) repre-
sents a more succinct statement of the field equation for
Λ, the expanded form given by Eq. (3) is more useful
in estimating the order of magnitude of the value of Λ
determined by its field equation.
C. The Natural Order of Magnitude of the
Effective Cosmological Constant
In this subsection, we estimate the order of magnitude
of the classical effective CC that arises from solutions of
the Λ-field equation i.e. Eq. (1) or equivalently Eq. (3).
7We focus on a cosmological setting where M is taken
to be the causal past and ∂Mu is the past light cone.
The boundary is ∂M = ∂Mu ∪ ∂MI where ∂MI is the
initial hypersurface. We assume that the fixed quantities,{
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, are such as to fix the initial state on ∂MI ; Hµν
and Pa vanish (up to diffeomorphisms) on ∂MI . Eq. (3)
then reads:∫
∂Mu
√
|γ|
[
1
2
NµνHµν + κΣaPa
]
=
∫
M
√−g d4x. (4)
Now we estimate
NµνHµν = Nµν δγµν
δΛ
∼ O(trN/Λ),
where trN = Nµνγµν . In many theories of gravity, in-
cluding general relativity, trN ∼ O(trK), where Kµν is
the extrinsic curvature of the boundary, ∂Mu. Cosmo-
logically, trK ∼ O(H) whereH is the Hubble parameter;
H0 is its value today. Thus, we have
1
2
∫
∂M
d3x
√
|γ|NµνHµν ∼
∫
∂M
√
|γ| d3xΛ−1H
∼ H0
Λ
A∂M,
where A∂M is the surface area of ∂M. Similarly, the
contribution from the κΣaPa matter terms in Eq. (4)
is generally of the same order as that from NµνHµν .
The left-hand side of Eq. (4) is therefore generally
∼ O(H0A∂M/Λ). The right-hand side of Eq. (3) is
simply the 4-volume, VM, of M. We note that typi-
cally VM ∼ tUA∂M where tU is the age of the universe.
Putting these estimates together in Eq. (3) we have
H0
Λ
A∂M ∼ VM ⇒ Λ ∼ H0A∂M
VM
∼ H0
tU
.
Using tU ∼ H−10 , we find the general order of magnitude
estimate is Λ ∼ t−2U . We note that the presence of D
small (or even large) extra dimensions with volume Vextra
would not change this order of magnitude estimate. The
extra dimensions would result in A∂M → A∂MVextra,
VM → VMVextra, but the prediction Λ ∼ H0A∂M/VM →
H0A∂M/VM ∼ 1/t2U remains unchanged.
Thus, provided the field equation for Λ, Eq. (1), ad-
mits a unique classical solution, we naturally expect the
magnitude of the classical value of the effective CC, Λ,
to be O(1/t2U ). Thus our proposal results in a Λ whose
expected magnitude is naturally of the order of the ob-
served value. Provided a specific application of our pro-
posal realizes a unique prediction for Λ of this magni-
tude (∼ 1/t2U), it will have simultaneously solved both
the cosmological constant and the coincidence problems
(see §III) for an example of such an application).
Our proposal results in a situation where those classical
histories that dominate the partition function naturally
have a value of the bare cosmological constant λ that all
but exactly cancels the vacuum energy of κρvac in M.
The effective CC, Λ = λ + κρvac, is then determined by
the properties of M. This is achieved without introduc-
ing ad hoc small parameters or special fine-tunings. In
this sense, the solution to the CC problem provided by
scheme could be considered natural.
III. APPLICATION TO COSMOLOGY
In this section we consider the application of our pro-
posal for solving the CC problem to cosmological models.
The scheme we laid out in the previous section is flexible
in that it does not make any specific assumptions about
either the theory of gravity or the dimensionality of the
universe. There is also a freedom in how one chooses to
define the manifoldM on which the total action, Itot, is
defined.
In this section, for simplicity, we assume that gravita-
tional sector is described by unmodified general relativ-
ity, space-time has 3+1 dimensions, and that M is the
causal past of the observer. We take the observer to be
at a fixed point, p0. The manifold M is bounded by
the past-light cone ∂Mu of p0 and an initial time-like
hypersurface ∂MI with given normal tµ0 . Our proposal
requires that M remains fixed for different values of the
bare cosmological constant, λ; that is, there exists a co-
ordinate chart C = {xµ} such that, for all λ, the values of
the {xµ} at p0, and on the boundaries ∂Mu and ∂MI ,
are the same for all λ.
While there is considerable freedom in the definition
of the chart C, a natural and simple choice results from
the demand that changes in λ preserve the light cone,
and hence the causal, structure of space-time. Given this
choice, we define some null coordinates u and w such that
u = τ0, for some λ-independent τ0, on ∂Mu, and u < τ0
in w. We then define w so that w = −u on ∂MI and
w = τ0 at p0. We define uµ = ∇µu and wµ = ∇µw. Now,
wµw
µ = uµu
µ = 0, and we define σ by 2e−2σ = −uµwµ.
The metric can then be decomposed as
gµν = −e2σu(µwν) + hµν .
Here, hµν = E
i
µE
j
νhij where i = 1, 2 for some positive-
definite 2-metric, hij , and some E
i
µ for which w
µEiµ =
uµEiµ = 0. We define some intrinsic coordinates θ
i ={
θ1, θ2
}
on the closed 2-surfaces S(u,w) of constant u and
w. The 2-metric hij is then defined by taking hµ
ν∂µθ
i =
Eiµ; h
ij = hµνEiµE
j
ν . We can then write:
Eiµ = ∂µθ
i + riuµ + s
iwµ,
for some ri and si. Our coordinate chart is then given
by C = {u,w, θ1, θ2}, and inM is determined by u < τ0,
−u < w < τ0. In this chart:
ds2 = gµν dx
µ dxν = −e2σ du dw + hijDθiDθj , (5)
Dθi = dθi + ri du+ si dw.
8We define a time-like coordinate τ = (u + w)/2. The
initial hypersurface therefore corresponds to τ = 0 and
the observer’s position is τ = τ0. The normal to ∂MI
is taken to be given, and this therefore partially restricts
the freedom in the definition of u and w. We also define a
space-like radial coordinate r = (u−w)/2; we then have
r = 0 at p0. FIG. 1 shows an illustration of M and its
boundary.
The intrinsic three-metric on the initial hypersurface
has line-element
ds2τ=0 = e
2σ(I)
(
dr2 + h¯
(I)
ij D(I)θ
iD(I)θ
j
)
,
D(I)θ
i = dθi +Ki(I) dr,
where σ(I) = σ|τ=0, h¯(I)ij = e−2σhij
∣∣
τ=0
and Ki(I) =
ri − si∣∣
τ=0
. The requirement that the initial state be
fixed independently of λ on ∂MI implies that σI , h¯(I)ij
and KiI are fixed up to λ independent diffeomorphisms
on ∂MI .
The surfaces S(u,w) of constant u and w (or equiva-
lently constant τ and r) represent the intersection of a
past and a future-directed light cone. As such, the S(u,w)
are closed two-surfaces. We define R¯ to be the scalar cur-
vature of the conformal 2-metric h¯ij . Since h¯ij describes
a two-dimensional space, it is completely characterized
by R¯. Additionally, by the Gauss-Bonnet theorem, we
know that
〈R¯〉(u,w)A2(u,w) ≡
∫
u,w=const
R¯
√
h¯ d2θ
= 2
∫
u,w=const
√
h¯ d2θ ≡ 2A2(u,w).
where A2(u,w) is the surface area of the conformal 2-
space described by h¯ij , and 〈R¯〉(u,w) is the average cur-
vature. The conformal 2-surfaces are homotopic to a 2-
sphere. If the intrinsic metric on the 2-spheres were that
of a two-sphere with conformal radius ρ, then we would
have A2(u,w) = 4πρ
2 and 〈R¯〉(u,w) = 2/ρ2. This singles
out a preferred class of definitions for u and w on the ini-
tial hypersurface on which τ = (u+w)/2 = 0. We can al-
ways pick r = (u−w)/2 so that on ∂MI (where u = −w),
A2(−w,w) = 4πr2 or equivalently 〈R¯〉(−w,w) = 2/r2.
We note that for a 2-metric, with constant r, the diffeo-
morphism invariant structure of h¯
(I)
ij is completely deter-
mined by its scalar curvature R¯(I). Since (u,w) = const
represents the intersection of two light cones, the sur-
faces of constant u and w are closed, and so R¯(I) > 0.
We note that we can always choose u and w so that on
∂MI , R¯(I) = 2/r2 with r = u = −w on ∂MI .
Choice of Surface Terms: Another freedom in our
scheme is the choice of surface terms in Itot. Focussing
on the variation of the metric, and keeping all other
fields including the CC fixed, these surface terms deter-
mine the quantities that must be held on ∂M, so that
δItot/δgµν = 0 when the classical field equations hold.
The metric on and around a space-like and time-like
boundary is described by the induced metric γµν and the
extrinsic curvature, Kµν . On a null boundary the situa-
tion is slightly more complicated and we discuss it further
below; nonetheless, there are quantities analogous to γµν
and Kµν . The γµν and K
µν are respectively analogous
to position variables and their associated momenta. In
most cases it is natural to choose the surface terms so
that (for fixed CC), the ‘position variable’ γµν must be
held fixed. The required surface term was first identi-
fied by York [35], and then rediscovered and refined by
Gibbons and Hawking [36]. We refer to ii as the Gibbons-
Hawking-York (GHY) boundary term. However, if Kµν ,
(or some components of it), diverge faster than γµν as one
approaches the boundary, different choices of boundary
term may be required.
Metric quantities are suitably well-behaved on the null
boundary ∂Mu and so for this boundary it is natural to
pick the null boundary analogue of the GHY term.
In the cosmological setting, ∂MI is the initial sin-
gularity and the intrinsic metric, γ
(0)
µν , on ∂MI has
vanishing determinant. More formally, taking γ
(τ)
µν ,
to be the induced metric on surfaces of constant τ ,
limτ→0+ detγ(τ) = 0. We define K
µν
(τ) to be the extrin-
sic curvature on constant τ surfaces; K(τ) = K
µ
(τ)µ.
Generally, K diverges as τ → 0+. The quantities detγ
and K are canonically conjugate. It is most natural to
choose boundary terms so that the most divergence of
two canonically conjugate variables is held fixed (c.f. the
argument for fixing the charge rather than the chemi-
cal potential in Ref. [39]). This implies that, on ∂MI ,
we choose the surface term so that K rather than detγ
is fixed. In Appendix B, we note that this term is the
‘cosmological’ boundary term found by York in Ref. [35].
Thus, we fix the surface terms in Itot to be York’s cosmo-
logical boundary term on ∂MI , and the GHY boundary
term on ∂Mu. It should be stressed, though, this choice
of York rather tha GHY boundary term on ∂MI has no
affect on the equation for λ and is only made for the tech-
nical reason stated above. This is because the initial state
on ∂MI is fixed independently of λ in our proposal and
so for any ∂MI boundary term, I∂MI , δIdMI/δλ = 0. It
follows that boundary terms on ∂MI do not contribute
to the λ-equation: δItot/δλ = 0.
A. General Cosmology
We begin by writing down the form of Itot for the gen-
eral cosmological setting and considering its variation.
In addition to Itot, our scheme requires that we spec-
ify a set of quantities
{
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that are kept fixed (for all
values of the bare cosmological constant) and which can
be independently specified. By considering the variation
of the action, we present a natural choice of these fixed
quantities.
Since we have taken the gravity sector to be described
(to a suitable approximation) by unmodified general rel-
9FIG. 1: (colour online) An illustration of the manifold M and its boundary ∂M = ∂Mu ∪ ∂MI for the general cosmology
set-up considered in §III. Here, M is the causal past of the observer, ∂Mu is the null boundary given by the observer’s past
light cone and ∂MI is a space-like boundary which represents the initial hypersurface. The model remains well-defined in the
limit where ∂MI is the initial singularity. We pick orthogonal null coordinates u and w such that ∂Mu corresponds to u = τ0,
and on ∂Mu, −τ0 < w < τ0 for some fixed τ0, and the time coordinate given by τ = (u + w)/2 vanishes on ∂MI . We also
define a radial coordinate r = (u− w)/2 and choose w = τ0 at the observer’s position, so that there τ = τ0 and r = 0. In the
figure, constant u surfaces are shown as dotted red line (except ∂Mu which is a solid red line), and correspond to past-light
cones of points on the line r = 0 (the dashed black line) which connects the observer with ∂MI . The w = const surfaces are
future-directed light cones of points on r = 0 and are shown above as dot-dashed blue lines. Surfaces of constant u and w are
closed 2-surfaces S(u,w) with intrinsic coordinates θ
i; i = 1, 2.
ativity, the gravitational action, Igrav, is given by
Igrav[gµν ;M] = IEH[gµν ;M] + Isurf [gµν ; ∂M],
where Isurf are the surface terms defined on ∂M and IEH
is the Einstein-Hilbert action defined onM:
IEH[gµν ;M] = 1
2κ
∫
M
d4x
√−gR(g).
We have taken the boundary to be ∂M = ∂M(u)∪∂MI ,
where ∂M(u) is described by the vanishing of the null
coordinate u, and so it represents a null boundary. Our
∂MI is the initial space-like hypersurface given by τ = 0.
As one approaches τ = 0, the determinant of the induced
metric on τ = const hypersurfaces vanishes, whilst the
trace of the extrinsic curvature diverges. On ∂M(u) it
is natural to take the surface term to be the null bound-
ary analogue of the Gibbons-Hawking-York (GHY) term,
I
(u)
GHY say, whereas on ∂MI the divergence of K makes
τ → 0 limit of York’s cosmological (YC) surface more
natural; we write this as I
(I)
YC.
In appendix B we present a detailed rederivation and
discussion of boundary terms in general relativity for
both non-null and null boundaries. Here, we briefly re-
view those results where they apply to the form of the
I
(u)
GHY and I
(I)
YC terms.
1. GHY term on ∂Mu (u = τ0):
We consider a null boundary ∂M(u) described by some
u(xµ) = τ0 where, with uµ = ∇µu, we have uµuµ = 0.
We define nµ = −eσuµ for some σ. In order to describe
points on ∂M(u), we have a w(xµ) such that wµ = ∇µw
is null and wµu
µ = −2e−2σ > 0. We also define τ =
(u+w)/2 and so, on ∂Mu, τ = (τ0+w)/2. Eq. (5) gives
the decomposition of the metric gµν in terms of u, w
and the intrinsic coordinates θi on the closed 2-surfaces,
S(u,w), of constant u and w. The hij is the induced 2-
metric on the S(u,w) and hµν = gµν − e2σw(µuν). We
define nµ = −eσuµ, and n¯µ = eσwµ so that n¯µnµ = 2.
The extrinsic curvature of S(u,w) along n
µ is Kµν and
is defined by
Kµν = −1
2
hµρhνσLnhρσ (6)
= eσhµρhνσ∇ρuσ.
Writing eiµ = ∂µθ
i, we define Kij = eiµejνKµν and the
trace of the extrinsic curvature is K = Kµνhµν = Kijhij .
We also define the inaffinity, ν, and twist, ωµ, by
ν = −Lnσ = eσuµ∇µσ, ωµ = 1
2
hµν n¯ρ∇νnρ.
We also define ωi = ωµeiµ.
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The usual GHY term (defined on non-null boundaries)
has the property that it renders the action first order
in derivatives of the metric. The variation of the total
action with respect to the metric is then free of surface
terms whenever the induced boundary 3-metric is held
fixed. On a null boundary there is no (non-singular)
boundary 3-metric. In its place are hµν and e
σ. This
is clear when one notes that the invariant area element
on ∂M(u) is eσ
√
hdτ d2θ, as opposed to
√|γ| d3x on a
non-null boundary. Thus, the analogue of the GHY term
for a null boundary is defined by the property that when
eσ and hµν are fixed, variation of the total action with
respect to the metric is free of surface terms on ∂Mu.
Given this, we find in Appendix B that the GHY term
for ∂M(u) is:
I
(u)
GHY =
1
κ
∫
∂Mu
eσ
√
h dτ d2θ [K + ν] .
One finds the same boundary term if one starts with the
EH action in terms of a vierbein and adds a boundary
term so that action is first order in derivatives of the
vierbein (see Appendix B for a proof of this).
On a space-like or time-like boundary, Σ say, it is well
known that the GHY boundary term invariant under dif-
feomorphisms restricted to Σ (i.e. those under which the
4-vector normal to Σ is invariant). However, on a null
boundary this is not the case. I
(u)
GHY is invariant under
diffeomorphisms on the two surfaces of constant u and w
(i.e. S(u,w)), but it is not invariant under reparametriza-
tions of the ‘radial’ coordinate (in this case w or equiv-
alently τ , along the null hypersurface). Specifically, it
is always possible to find such diffeomorphisms that pre-
serve the normal to ∂M(u) but under which
ν|∂Mu → ν|∂Mu + eσLuf−(w, θi).
for any f−(w, θi). This means that the I
(u)
GHY term as
defined above is ambiguous. The ambiguity in the GHY
term for null boundaries is because the 3-metric normal
to the boundary is degenerate. This means that there is
no preferred normalization of the normal to the boundary
and consequently no preferred ‘radial’ coordinate along
the boundary. To unambiguously define the I
(u)
GHY one
must fix this remaining gauge freedom by either picking
a form for ν on ∂M(u) or, equivalently, by specifying
a preferred choice of w/τ on ∂Mu. Simplifying choices
that are common in the literature, and can always be
achieved, are
ν|∂Mu = 0 or ν|∂Mu = −
c0
2
K,
for some constant c0. Each choice identifies a preferred
w for which the total action is first order in derivatives of
metric quantities. In this application of our proposal to
solve the CC problems, we demand that the initial state
is fixed independent of λ. However, both these choices
for ν on ∂Mu given above would single out a preferred w,
and hence a definition of σ which would depend on λ on
∂MI . In the scenario we consider here, it is more natural
to remove the ambiguity in ν on ∂Mu by fixing the def-
inition of σ initially (i.e. on ∂MI). This is achieved by
picking a preferred radial coordinate r on ∂MI . More
exactly, we should specify the r on ∂MI up to resid-
ual coordinate transformations that leave I
(u)
GHY invari-
ant. We noted above that since the S(u,w), which are
the surfaces of constant r on ∂MI , are closed 2-surfaces,
our r represents a radial coordinate on ∂MI . A sim-
ple and natural definition of r (up to residual coordinate
transformations) is then to pick it so that the average
scalar curvature of the conformal 2-surface at τ = 0 and
r = const (and described by the metric h¯ij = e
−2σhij) is
2/r2 with r = u = −w on ∂MI . By the Gauss-Bonnet
theorem, this is equivalent choosing r so that the surface
area of the conformal 2-surface is 4πr2. This choice does
not uniquely determine r but it is sufficient to fix ν on
∂Mu.
The choice of a preferred r on ∂MI is equivalent to the
specification of an unambiguous boundary term on ∂Mu.
Making such a specification requires that one replace ν in
I
(u)
GHY by some quantity that is invariant under diffeomor-
phisms that vanish normal to ∂Mu and ∂MI . Any such
choice will then pick out a preferred set of definitions of
w on ∂Mu for which ν = −Lnσ and hence the total ac-
tion is first order. This in turns picks out a preferred set
of 2r = (u − w) on ∂MI where w = −u. For the ap-
plication of our proposal to cosmology in this section we
fix the definition of ν so that on ∂MI ,
〈R¯〉
τ=0
= 2/r2.
This is arguably the simplest choice we can make that
is consistent with the requirement that the initial state
be λ independent when described in the coordinate chart
for which the action is (up to a boundary term on ∂MI)
first order in metric derivatives.
2. YC term on ∂MI (τ = 0):
The initial time-like hypersurface, ∂MI , is singular,
however we may still define the surface term by taking a
limit as τ → 0 from above (i.e. τ → 0+). We take tµ =
eσ∇µτ where τ = (u + w)/2. We then have tµtµ = −1;
tµ is the backward pointing normal to surfaces, Στ , of
constant τ . We can decompose the metric into
gµν = −tµtν + γµν .
With r = (u− w)/2, we have:
γµν dx
µ dxν = e2σ dr2+hij
[
dθi +Ki dr
] [
dθj +Kj dr
]
,
whereKi = (ri−si). The θi are the intrinsic coordinates
on the surfaces of constant u and w. The line element
for the 4-metric can then be written as
ds2 = −eσ dτ2 + γαβ [ dxα +Nα dτ ]
[
dxβ +Nβ dτ
]
,
where
Nα dx
α = hij(r
j + sj) dθi.
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We call Nα the shift-vector. We note that we can always
define the θi so that in M, Nα = 0 i.e. ri = −si. The
extrinsic curvature, Kµν , of Στ is given by
Kµν = −1
2
γµργνσLtγρσ,
and the trace is K = Kµνγµν . With these definitions we
see in Appendix B that the cosmological boundary term
of York for ∂MI is:
I
(I)
YC = − lim
τ→0+
1
3κ
∫
∂MI
√
γ d3xK.
3. Variation of Gravitational Action and Fixed Quantities:
In this cosmological set-up the total gravitational ac-
tion is:
Igrav =
1
2κ
∫
M
d4x
√−gR(g)
+
1
κ
∫
∂Mu
eσ
√
h dτ d2θ [K + ν]
− lim
τ→0+
1
3κ
∫
∂MI
√
γ d3xK.
In appendix B we show that the variation of this action
with respect to the metric, gµν , gives:
δIgrav = − 1
2κ
∫
M
d4x
√−gGµνδgµν (7)
− 1
2κ
∫
∂MI
[
P˜αβδγ˜αβ +
4
3
√
γδK
]
dr d2θ,
+
1
2κ
∫
∂Mu
eσ
√
h
[
(K + ν)hij −Kij)δhij
+ 2Kδσ + 2ωiδsi
]
dτ d2θ,
where
γ˜αβ = (det γ)
−1/3γαβ,
P˜αβ = (det γ)5/6
[
Kαβ − 1
3
Kγαβ
]
.
Since P˜αβ γ˜αβ = 0, it follows that:
P˜αβδγ˜αβ = −γ˜αβδP˜αβ = −√γγαβδσαβ ,
σαβ = Kαβ − 1
3
Kγαβ.
We now specify the fixed quantities,
{
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, for the grav-
itational sector. We see that the boundary terms in
Eq. (7) vanish when K and either γ˜αβ or σ
αβ are fixed
on ∂MI (up to residual coordinate transformations on
∂MI) and si , hij and σ are fixed on ∂Mu. The
{
QA
}
will be a subset of these quantities, and their defining
property is that they are a maximal subset which can be
independently specified.
In terms of the familiar 3+1 ADM decomposition on
constant time (i.e. τ) hypersurfaces, Στ , our e
σ is the
lapse function and Nα = (0, ri + sj) is the shift vector;
γαβ is the induced metric on Στ . The six components of
γαβ are given by σ, K
i = ri − si, and hij .
In general, the intrinsic coordinate-independent geom-
etry in M is determined uniquely when the twelve vari-
ables γαβ and K
αβ are specified on ∂MI . The Ein-
stein equations provide four constraint equations on ∂MI
which reduce the number of independent functions in γαβ
and Kαβ to eight. When N = eσ and Nα in M are
fixed, this reduces the number of independent functions
that must be specified on ∂MI to four. Thus, to com-
pletely specify the space-time inM, we must fix four free
functions on ∂MI as well as specifying N and Nα inM.
The specification of γ˜αβ (or σ
αβ) and K on ∂MI fixes
six functions on the initial hypersurface in a coordinate
dependent manner. We found that the definition of I
(u)
GHY
resulted in the specification of a preferred r on ∂MI .
There remains, however, the freedom to define the θi on
∂MI which can be used, for instance, to set Ki = 0
initially. This freedom means that γ˜αβ (or σ
αβ) and K
on ∂MI fix four free functions on ∂MI in a coordinate
independent manner. The lapse function, N , in M to
be given by N = eσ. If Nα can be fixed in M, then
γ˜αβ (or σ
αβ) and K on ∂MI are sufficient to completely
determine, via the field equations, all metric quantities
in M, and on ∂Mu. Fixing Nα in terms other metric
quantities is equivalent to fixing ri + si which in turn
is equivalent to specifying our coordinates θi on S(u,w)
which are defined on surfaces of constant τ relative to
their values on ∂MI . A simple choice with a geometri-
cal basis is demand that the θi are Lie-propagated along
τµ = ∇µτ from the values that are arbitrarily assigned
to them on the initial hypersurface ∂MI i.e. Lτθi = 0.
This implies that:
Lτθi = 1
2
(
uµ∂µθ
i + wµ∂µθ
i
)
= e−2σ(ri + si) = 0,
and so ri = −si inM. We then have Nα = 0. We make
this choice in our subsequent analysis.
Our choice of fixed quantities,
{
QA
}
, is therefore as
follows:
• We assume that the initial state on ∂MI is fixed.
Thus, the fixed
{
QA
}
include K and either γ˜µν or
σαβ on ∂MI .
• These quantities are fixed with respect to a λ-
independent coordinate chart C = 〈u,w, θ1, θ2〉 de-
fined such that u = τ0 = fixed on ∂MI , w = τ0 =
fixed at p0 and u = −w on ∂MI . ∂MI has fixed
unit normal tµI = e
−στµ|∂MI ; τµ = ∇µ(u+ w)/2.
• We found that an invariant definition of the bound-
ary term on ∂Mu requires us to pick out a preferred
set of r = (u−w)/2 on ∂MI . Our choice of r is to
define it so that e−2σr−2hij has an average scalar
curvature of 2 on ∂MI .
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• The values θi inM are defined by Lie-propagating
their values on ∂MI along τµ: Lτθi = 0 and so
ri = −si everywhere.
Similarly, for the matter variables, we fix the initial
state on ∂MI and any residual gauge freedom on ∂Mu,
so that the gauge is fixed independently of λ.
Given this choice
{
QA
}
, the 2-metric, hij , on ∂Mu
is determined by the classical field equations. Since the
field equations depend on Λ, this, in turn, fixes the form
of Hij ≡ dhij/ dλ.
4. The Λ field equation:
The field equation for Λ in our proposed paradigm is
Eq. (3). Here, the total action is
Itot = Igrav[gµν ] + ICC[Λ, gµν ;M] + Imatter[Ψa, gµν ;M].
where Igrav = IEH+ I
(u)
GHY+ I
(I)
YC. We assume that Imatter
is of the form
Imatter =
∫
M
√−gLmatter +
∫
∂MI
√
γ d3xLmI,
for some LmI, where Lmatter and LmI are at most first
order in derivatives of Ψa. The choice of fixed quantities{
QA
}
define the initial state and ensure all integrals over
∂MI in δItot vanish. The classical field equations for
gravity and matter are
Eµν = −Gµν + κT µν − Λgµν ,
Ψa = −∇µΠµa +
δLmatter
δΨa
= 0,
where
T µν =
2√−g
δ(
√−gLmatter)
δgµν
, Πµa =
δLmatter
δ(∇µΨa) .
Combined with these classical field equations, the fixed{
QA
}
determine hij and Ψ
a on ∂Mu as functions of Λ.
Thus, they give
Hij = dhij
dΛ
∣∣∣∣
∂Mu;fixed {QA}
, Pa = dΨ
a
dΛ
∣∣∣∣
∂Mu;fixed {QA}
.
When gµν and Ψ
a obey Eµν = Ψa = 0, we have Itot =
Iclass[Λ;M] and so Eq. (3) reads
dIclass
dΛ
=
1
2κ
∫
∂Mu
N
√
hdτ d2θ
[N ijHij +ΣaPa]
− 1
κ
∫
M
√−g d4x = 0.
where N ij = (K + ν)hij −Kij and Σa = −nµΠµa .
5. Rewriting the Classical Action
When the classical field equations for the metric and
matter variables hold, we can rewrite Iclass in a form that
is particularly instructive in the cosmological setting for
both expressing and solving the λ equation.
Independent of the field equations, we can rewrite
I
(u)
GHY as
κI
(u)
GHY =
∫
∂Mu
eσ
√
h [K + ν] dτ d2θ
=
∫
∂Mu
[∇µuµ + uµ∇µσ]
√−g dτ d2θ
= −
∫
M
√−g∇µ [tµLnσ] d4x
− lim
τ→0+
∫
∂MI
eσ
√
hLnσ dr d2θ,
where we have used uµu
µ = 0, and
√−g = 0 on τ = 0
and at p0. We have also used n
µ = −eσuµ, tµ = eσ∇µτ
and nµtµ = 1. Now,
Lnσ = nµ∇µσ = tνnµ∇µnν = −nµnν∇µtν = −Krr−ar,
where ∇µtν = Kµν − tµaν , and aµ = tν∇νtµ is the ac-
celeration and Kµν the extrinsic curvature of constant
τ hypersurfaces. We have also defined lµ = eσ∇µr =
eσ∇µ [u− w] /2, so that nµ = −(tµ + rµ) and Krr =
lµlνKµν , ar = l
µaµ.
Since
lim
τ→0+
[∫
∂MI
eσ
√
har dr d
2θ =
∫
∂MI
tµn
µeσ
√
har dr d
2θ
]
,
=
∫
M
√−g d4x∇µ [nµar] ,
we can write:
I
(u)
GHY =
1
κ
∫
M
√−g∇µ [tµKrr − lµar] d4x
+ lim
τ→0+
1
κ
∫
∂MI
eσ
√
hKrr dr d
2θ.
The Ricci tensor of M is Rµν , and we define R(3)µν to be
the Ricci tensor of a 3-surface of constant τ . We define
Rrr = Rµν l
µlν , R(3)rr = R
(3)
µν lµlν . We then have:
∇µ [tµLnσ − lµar] = −Rrr +R(3)rr + Llar
+A2 − Σ2 − arKl,
Σ2 = 2ΣµΣ
µ, Σµ = hµν lρK
νρ,
A2 = AµA
µ, Aµ = hµνa
µ,
Kl = hµν∇µlν = 1
2
hµνLlhµν .
We now define:
Γ ≡ R(3)rr + Llar +A2 − Σ2 − arKl. (8)
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We can then write:
Itot = IEH + I
(u)
GHY + I
(I)
YC + ICC + Imatter,
=
1
κ
∫
M
√−g
[
1
2
R−Rrr − Λ + Γ + κLmatter
]
d4x
+ lim
τ→0+
1
κ
∫
∂MI
√
γ
[
Krr −
1
3
K + LmI
]
d3x.
Iclass is defined to be Itot evaluated with gµν and the
matter fields obeying their classical field equations. For
gµν this means that we have the Einstein equation Gµν =
Rµν − gµνR/2 = κT µν − Λgµν where T µν is the energy-
momentum tensor that follows from varying Lmatter.
Substituting the Einstein equation into Itot and defining
P rr = Tµν l
µlν we arrive at:
Iclass =
∫
M
√−g [κ−1Γ + (Lmatter − P rr)] d4x (9)
+ lim
τ→0+
1
κ
∫
∂MI
√
γ
[
Krr −
1
3
K + LmI
]
d3x.
Since the initial state on ∂MI is taken to be fixed, the
equation for the effective cosmological constant Λ can be
simply written as:
dIclass
dλ
=
∫
M
δ
δΛ
{√−g [κ−1Γ + (Lmatter − P rr)]} d4x
= 0.
In the above equation Lmatter is the effective action for
matter renormalized so that it vanishes in vacuo. In a
cosmological setting, this form of the Λ equation is often
the most straightforward to evaluate since it involves only
scalar quantities.
B. Λ in a Realistic Cosmology
In the previous subsection, we considered the applica-
tion of our scheme for determining Λ in a general cosmo-
logical setting whereM is taken to be the past light cone
of the observer at some fixed external time τ = τ0.
We assume that, in appropriate coordinates (T,X i),
and except in certain strong gravity regimes (eg. near
neutron stars or black hole horizons), the space-time is
well-described, to linear order in some small Ψ and Φ, by
the following line element:
ds2 = a2(T )
[−(1 + 2Ψ) dT 2
+
(1 − 2Φ)(
1 + 14kX
αXβδαβ
)2 δαβ dXα dXβ
]
,
where α, β take values 1, 2, 3; Ψ and Φ are gravitational
potentials which are sourced by perturbations to the
homogeneous background. They are measured to be
small (∼ O(10−5)) on average; k is the intrinsic spa-
tial curvature. Observations indicate that at the horizon
|kXαXβδαβ | . 10−2 so that to linear order in this and
the other small quantities, Ψ and Φ:
ds2 ≈ a2(T )
[
−(1 + 2Ψ) dT 2 +
(
1− 2Φ− 1
2
kXαXβδαβ
)
δαβ dX
α dXβ
]
. (10)
We now apply our method for solving the CC problems to
a universe with line element given by Eq. (10). We trans-
form this line element to light-cone coordinates (u,w, θi),
by taking for some small ∂µ∂νγ,
τ = T + γ˙, xα = Xα + δαβγ,β,
here γ˙ = ∂γ/∂τ and γ,α = ∂γ/∂x
α. To linear order in the
small quantities, we have ∂γ/∂τ = ∂γ/∂T and ∂γ/∂xα =
∂γ/∂Xα. Here, τ = (u + w)/2 and r =
√
δαβxαxβ =
(u − w)/2. With such a change to linear order in the
small quantities, we obtain
ds2 = a2(τ)(1 + 2Ω)
[− du dw + h¯αβ dxα dxβ] ,(11)
Ω = Ψ− γ¨ −Hγ˙ = −Φ− γ′′ −Hγ˙, (12)
γ¨ − γ′′ = Ψ+Φ+ 1
4
kr2, (13)
with H = a,τ/a and h¯αβ = h¯(0)αβ − 2γ,αβ + 2γ′′δαβ , where
h¯
(0)
αβ dx
α dxβ = r2
[
dθ2 + sin2 dφ2
]
and the prime super-
script indicates a partial derivative with respect to r;
also, xαxβ h¯αβ = 0.
To leading order in Φ, Ψ and γ,µν , the line element
is simply that of a Friedmann-Robertson-Walker space-
time with curvature k and τ is the conformal time coor-
dinate:
ds20 = a
2(τ)
[− du dw + r2 ( dθ2 + sin2 θ dφ2)] ,
= a2(τ)
[− dτ2 + dr2 + r2 ( dθ2 + sin2 θ dφ2)] .
1. Initial conditions for γ
If γ0 satisfies the γ equation then so does γ1 →
γ0+f−(τ−r, θ, φ)+f+(τ+r, θ, φ), for arbitrary f±(x, θφ).
Changing γ from γ0 to γ1 shifts
√
heσν dw on ∂Mu, and
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hence I
(u)
GHY by a term proportional to f−,xxx(x, θ, φ).
Thus, to fix the definition of I
(u)
GHY , we must impose initial
conditions that fix f−,xxx(x, θ, φ).
First, we must specify τ = 0 to correspond to a given
timelike hypersurface (e.g. T = 0). This determines
γ˙ and hence f+,x(x, θ, φ) in terms of f−,x(x, θ, φ). For
simplicity, we choose the fixed hypersurface to be T = 0,
although similar choices that coincide with this choice
to zeroth order in the small quantities will give similar
results to the ones we obtain below. The boundary term
I
(u)
GHY can then be fixed by specifying γ
′′′ on ∂MI . It can
be checked that fixing r so that the average curvature of
the conformal 2-metric on ∂MI is 2/r2 gives γ′′′ = 0, and
hence clearly fixes I
(u)
GHY. We therefore make this choice
for r on ∂MI .
2. Evaluation of Iclass
We can calculate the Γ quantity defined by Eq. (8)
for this line element. We find that to linear order in the
small quantities
Γ =
2k
a2(τ)
+
2Φ′′
a2(τ)
+
2(Φ−Ψ)′
a2(τ)r
+
2
a4(τ)r
[
a2(τ)γ˙′
]
,τ
+. . . ,
where the . . . indicate terms of linear order which are
total derivatives with respect to the angular coordinates
and so vanish when integrated over S(u,w).
For simplicity, we take the energy-momentum tensor
of matter to have a perfect-fluid form:
T µν = UµUν(ρm + Pm) + Pmg
µν ,
where Uµ is a forward pointing time-like vector with
UµUµ = −1. To leading order, we have U τUα = −v,α
for α = 1, 2, 3. We write
ρm = ρ¯(τ) +
ρ¯,τ
ρ¯
v + δρ.
We assume that at those sufficiently late times that pro-
vide the dominant contributions to Iclass, the background
cosmology is either dominated by pressureless matter or
Λ, and so Pm ≪ ρm. The dominant contribution to Pm
is then from photons (and light neutrinos) and may be
approximated as homogeneous to the order to which we
work i.e. δPm/ρm ≪ Φ,Ψ. We therefore take Pm = P¯ (τ).
The quantities a(τ), Ψ and Φ are then given by
H2 =
1
a2
H2 =
(a,τ
a2
)2
=
8πGρ¯
3
+
Λ
3
− k
a2
,
˙¯ρ = −3H(ρ¯+ P¯ ),
Φ = Ψ, ~∇2Φ = 4πGa2δρ,
Φ¨ + 3HΦ˙ +
(
2H˙+H2
)
Φ = 0,
where H = a,τ/a, and ~∇2 = δαβ∂α∂β with α, β = 1, 2, 3.
We also have that P rr = Tµν l
µlν is (to linear order):
P rr = P¯ (τ). (14)
Thus, to linear order in Φ and γ,µν , we have
Iclass =
∫ τ0
0
a4(τ)
∫ τ0−τ
0
r2 dr
∫
d2Ω
[
κ−1Γ
+(Lmatter − P¯ )
]
,
where we have dropped the terms on ∂MI which are
fixed with respect to Λ.
Before we consider the variation of Iclass with respect
to Λ, we must extract the dominant contribution to the
effective Lagrangian density L of the matter.
3. Contributions to P¯ and Lmatter
For fields that are truly homogeneous (to leading or-
der), for example the inflaton or other light scalar fields,
we have Lmatter = P¯ , and so these fields make no contri-
bution to Iclass.
We first clarify the definition of the quantity Lmatter
that appears in Iclass when quantum contributions to the
matter action and non-negligible. Formally, the Lmatter
that appears in Iclass is the quantum effective matter La-
grangian, Leffmatter, rather than the classical matter action.
The since the quantum vacuum energy associated with
the matter have been subsumed into the definition of Λ,
this Leffmatter vanishes, by definition, in the vacuum. Let
nA represent a set of conversed quantities associated with
the matter species, such that in the vacuum nA = 0. For
instance, an nA could be baryon number. If Lclmatter is
the classical matter action, Leffmatter is then given by:
Ieffm [nA] =
∫
M
√−gLeffmatter d4x (15)
≡ Re
[
−i ln
(
Zm[nA]
Zm[0]
)]
,
Zm[nA] =
∑
Ψa
fixed {nA}
ei
∫
M
√−gLclmatter[Ψa,gµν ] d4x.
We recognize that Ieffm [nA] is the quantum effective mat-
ter action, normalized so that it vanishes in vacuo.
For free fields, the quantum effective action has the
same structure as the classical action. It is well known
that Ieffm and hence Lmatter vanishes identically for free
fundamental fermion fields. For fermion fields, ψ, with
energy density ρψ, that are weakly coupled to a gauge
fields with a coupling constant g ≪ 1 one typically has
Lmatter ∼ O(g4)ρψ ≪ ρψ.
For photons, to leading order Leffmatter ≈ Lclmatter =
−FµνFµν/4 = (E2 − B2)/2, and for radiation E2 = B2
and so Lmatter = 0. More generally, for an (approxi-
mately) free field, φA, with energy ω ≫ H , Leffmatter ≈
Lclmatter and the average value of the effective Lagrangian
is proportional to the dispersion relation and so, on-shell,
so we have Lmatter . O(H/ω)ρmatter ≪ ρmatter for the
contribution from φA. Since the mass of dark matter par-
ticles is ≫ H today, we assume there their contribution
to Lmatter is much less than their energy density.
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Therefore, amongst the fields that contribute to Iclass,
the dominant contribution to Lmatter at late times is
expected to come from baryonic matter. Baryons con-
tribute most because they are not fundamental fermions
fields, but composite particles consisting of quarks bound
strongly together with gluons.
We define ρbaryon and nbaryon to be the baryon energy
and number density respectively. For baryonic matter we
have:
Zm ≈ Zbaryon[nbaryon] (16)
=
∑
q,q¯,Aµ
fixed {nbaryon}
ei
∫
M
√−gLclQCD[q,q¯,Aµ;gµν ] d4x.
where q and q¯ are the quark fields and Aµ is the gluon
field. LclQCD is the classical action for Quantum Chromo-
dynamics (QCD). Now, we have
Re [−i lnZm] = −
∫
M
√−g d4x ρQCD−vac (17)
+Ieffm ,
where ρQCD−vac is the QCD contribution to the vacuum
energy density. At late times when the baryonic matter is
non-relativistic, and at sub-nuclear densities (ρbaryon ≪
1017 kgm−3 on average), we have Ieffm ≈ Ieffm [nbaryon] and
Ieffm [nbaryon] ≈ −Γb
∫
M
√−gnbaryon d4x.
for some constant Γb. At late times, for non-relativistic
baryonic matter, ρbaryon = MNnbaryon, where MN is the
nucleon mass. We define the constant ζb = Γb/MN. For
baryonic matter we it follows that:
Leffmatter ≈ −ζbρbaryon. (18)
In principle, ζb is calculable and depends only on QCD
physics. A full calculation of ζb would, however, require
either the derivation of the complete low-energy effective
action for QCD, or a time consuming and technically
challenging lattice QCD calculation. Both of these are
far beyond the scope of this work.
The chiral bag model (CBM) for nucleons is described
by the effective Lagrangian:
LCBM =
(
ψ¯iγµ∇µψ −B
)
θ(R − r) (19)
−1
2
ψ¯e
i~τ·~πγ5
fπ ψδ(r −R)− Lπθ(r −R),
Lπ = −f
2
π
4
tr [LµL
µ] +
1
32e2
tr [Lµ, Lν ]
2
,
Lµ = (∇µU)U †, U = e i~τ·~πfπ .
Here, R is the ‘bag radius’, and B is the ‘bag constant’
which has been interpreted as the difference between the
vacuum energy of the perturbative and non-perturbative
QCD vacuums; Lπ is the Skyrme action. In r < R,
i.e. inside the bag, just free quarks and the bag con-
stant contribute to the mass and the action. Outside the
bag quark degrees of freedom have been confined and
mesons are the effective degrees of freedom. We use the
CBM model to approximate the effective matter action
Leffmatter ≈ LCBM.
The total energy-momentum tensor is:
T µνCBM = T
µν
q −Bgµνθ(R − r) + T µνπ .
where T µνq gµν = 0. The meson configuration outside the
bag is given by a static soliton solution to a first approx-
imation and so T 00π = −Lπθ(r − R). The total nucleon
mass is given by integrating T 00CBM over the spatial direc-
tions, and so
MN =Mq +
4π
3
BR3 +Mπ.
We calculate the expectation of LCBM, for a single nu-
cleon, integrated over the spatial hypersurface to be:
4π
∫
r dr 〈LCBM〉 = −4π
3
BR3 −Mπ (20)
= −(MN −Mq) = −ζbMN,
ζb = 1− Mq
MN
. (21)
In general, for a collection of baryons (specifically nucle-
ons) with energy density ρb, we have:
Lbaryons ≈ LCBM = −ζbρb.
The value of ζb in the CBM depends on the bag radius.
Ref. [40] provides an excellent review of the CBM. The
authors note that the best agreement with experimental
physics is found when R ≈ 0.6 fm. For this value they
have Mq ≈ Mπ +MB where MB = 4πBR3/3. Thus we
have ζb ≈ 0.5. This estimate will be slightly reduced
when the contributions of spin to the nucleon mass are
taken into account
Henceforth, we take:
Lmatter = −ζbρbaryon,
where from the CBM we use the estimate that ζb ≈ 1/2.
4. Λ Equation
The dominant contribution to the pressure term, P¯ , at
late times will come from radiation. However since a4P¯ =
const for radiation this contribution just shifts Iclass by
a λ-independent constant. Dropping such constants, and
any terms that are an order of magnitude smaller than
those included, we find that to leading order:
Iclass ≈
∫ τ0
0
a4(τ)
∫ τ0−τ
0
r2 dr
∫
d2Ω
[
κ−1a−2Γ¯(22)
−ζbρbaryon] + const,
Γ¯ = 2k + 2Φ′′ +
2
r2
[rγ˙′]′ , (23)
γ¨ − γ′′ = 2Φ+ kr2/4. (24)
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Here, we have integrated by parts to express the Γ¯ term
in Iclass in the above form. If kr
2 ≫ Φ then to leading
order in deviations from flat ΛCDM we can drop Φ in
the formulae for Γ¯ and γ, leaving only the contribution
from k.
We then have
γ¨ − γ′′ = kr2/4.
Solving with the required boundary conditions gives:
γ = −kr
4
48
+
k(r − τ)4
96
+
k(r + τ)4
96
,
γ˙′ = −k(r − τ)
2
8
+
k(r + τ)2
8
=
krτ
2
.
Inserting this expression for γ into Γ¯ gives:∫ τ0−τ
0
r2Γ¯ dr =
2k
3
(τ0 − τ)3 + kτ(τ0 − τ)2.
Thus, we evaluate Iclass to lowest order as:
Iclass ≈ 4π
κ
∫ τ0
0
ka2(τ)
[
2
3
(τ0 − τ)3 + τ(τ0 − τ)2
]
dτ
−4πζb
κ
∫ τ0
0
a4
κρbaryon
3
(τ0 − τ)3 dτ + const.
We note that a4ρbaryon ∝ a. To this order the only
quantity in Iclass that depends on Λ is a(τ), since we
have assumed the initial conditions that determine k are
fixed. Additionally, baryogenesis and the processes which
generates the dark matter density must occur at such
early times that they will have only a negligible Λ de-
pendence. This implies that a3ρm and a
3ρbaryon are fixed
independently of Λ. Additionally, the initial conditions
fix a3nγ , where nγ is the photon number density, inde-
pendently of Λ. Given this, the Λ independent initial
conditions for the matter sector are parametrized by the
energy of matter energy per photon, ξ = ρm/nγ = const
and the baryon energy per photon, ξb = ρbaryon/ngamma;
δξ/δΛ = δξb/δΛ = 0. The measured values ξ and ξb are
ξ = 3.43 eV and ξb = 0.54 eV..
We define
A(τ) = δ ln a
δΛ
and use the Friedmann equation for the background to
calculate A(τ). Under the change Λ→ Λ+ δΛ the Fried-
mann equation is perturbed to
2HδH = 2H,τδ ln a+ a2δΛ/3.
Now H = a˙/a and so δH = (δ ln a),τ and thus δH/δΛ =
A,τ . It follows that:
HA˙ − H˙A = a
2
6
,⇒
(A
H
)
,τ
=
a2
6H2 .
The condition that the extrinsic curvature, K, of the
initial hypersurface be fixed independently of Λ is equiv-
alent to δH/δΛ = 0 at τ = 0 where H = H/a. This
condition is equivalent A,τ −HA = 0 at τ = 0. Inserting
this condition into the above equation for (A/H),τ , we
find that at τ = 0, A/H = a2/6H(H2 −H,τ ) which van-
ishes at τ = 0 as a = 1/H = 0 there. Thus, using this
boundary condition and integrating the above equation
for (A/H),τ we arrive at
A(τ) = H
∫ τ
0
a2(τ ′) dτ ′
6H2(τ ′) .
We make the definitions H0 = H(τ = τ0), a0 = a(τ0)
and Ωbaryon0 = κρbaryon(τ0)/3H
2
0 , and then a
4κρbaryon =
3a(τ)a30Ωb0H
2
0 . The equation for Λ is then given explic-
itly by:
dIclass
dΛ
=
8πk
κa20H
2
0
∫ τ0
0
a2(τ)a20H
2
0
[
2
3
(τ0 − τ)3 + τ(τ0 − τ)2
]
A(τ) dτ (25)
−4π
κ
ζbΩb0
∫ τ0
0
a(τ)a30H
2
0 (τ0 − τ)3A(τ) dτ = 0.
We can rearrange this to give an expression for the dimensionless curvature parameter:
− Ωk0 ≡ k
a20H
2
0
=
ζbΩb0
2
N (τ0; Λ), N (τ0; Λ) ≡
∫ τ0
0 a(τ)a
3
0(τ0 − τ)3A(τ) dτ∫ τ0
0 a
2(τ)a20
[
2
3 (τ0 − τ)3 + τ(τ0 − τ)2
]A(τ) dτ . (26)
Thus, we see that our new integral constraint equation
for Λ is a consistency condition connecting the values of
Ωk0, ζbΩbaryon0, and Λ.
The quantities k = −Ωk0H20a20 and ζbΩbaryon0a30H20
are fixed by the initial conditions and so this equation
determines Λ. With all other quantities fixed, Eq. (26)
gives k = k0(Λ) where the form of k0(Λ) follows from Eq.
(26). We can invert this to give Λ = Λ0(k). In FIG. 2a
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and Table I we show the value of k required for different
values of Λ for an observation time: t = tU ≈ 13.77Gyrs.
In both the table and the figure, k is given in units of
a2⋆H
2
⋆ where 1/(a⋆H⋆) is a fixed comoving length scale
that is equal to 1/(a0H0) when Λ = Λobs. We see that
large values of Λ require smaller values of k.
We find that when Ωm0 ≈ 1−ΩΛ0, N (τ0; Λ) ≈ N¯ (ΩΛ0)
for any τ0 i.e. N is determined entirely by ΩΛ0. Thus,
by Eq. (26), N¯ (ΩΛ0) ≈ −2Ωk0/ζbΩb0, and so, given
that the ratio of baryons to dark matter is fixed for all
Λ, Ωb0 ∝ (1 − ΩΛ0), and each value of Ωk0 corresponds
to a specific value of ΩΛ0 independently of τ0. We illus-
trate this in FIG. 2b, where we plot −2Ωk0/ζbΩb0 against
Ωm0 ≈ 1− ΩΛ0. We note that O(1) values of Ωm0 corre-
spond to O(1) values of −2Ωk0/ζbΩb0.
5. A Prediction for the Spatial Curvature
In principle, Λ, Ωb0, and Ωk0 are quantities as-
tronomers can measure accurately. We can therefore test
the validity of our model by checking that the consis-
tency equation, Eq. (26), is indeed consistent with the
observational limits on Λ, Ωb0 and Ωk0. We note that
N > 0 and so our model requires that k/ζb > 0 or equiv-
alently Ωk0/ζb < 0. Our estimate of ζb from the chiral
bag model of baryons in QCD gives ζb > 0. Current ob-
servations only bound the value of Ωk0 and those bounds
are consistent with Ωk0 = 0. The values of Λ and Ωb0
are relatively well established.
The most recent 1σ limit on Ωk0 from WMAP 7 com-
bined with BAO and H0 data (and ΛCDM prior) is [15]:
Ωk0 = −0.0023+0.0054−0.0056. (27)
When our model is applied to our universe with ΩΛ0 =
Λ/3H20 = 0.73, Ωb0 = 0.0423, as observed at a present
time when the CMB temperature is 2.725 k, Eq. (26)
predicts the value of Ωk0 to be:
Ωk0 = −0.0056
(
ζb
1/2
)
, (28)
which is consistent with the observational limit at 1σ
for ζb ∈ (0, 0.7] and within the 95% confidence limit for
all ζb ∈ (0, 1]. For the estimated value of ζb = 1/2,
our model predicts Ωk0 = −0.0056. The combination
of data from the Planck CMB survey with current and
future measurements of the Baryon Acoustic Oscillations
(BAO) should be able to confirm or refute this detailed
prediction. Therefore, in contrast to other proposals for
solving the CC problems, our model makes a testable
prediction and is falsifiable in the near future.
C. What is a Natural Value of Λ?
We have seen that, at a fixed time, our model predicts
the value of Λ in terms the spatial curvature k. In in-
flationary models, the magnitude of spatial curvature k
TABLE I: Λ in the history seen by an observer at time
tU ≈ 13.77Gyrs for different values of the spatial curvature
parameter, k. Here, ζb is a QCD constant related to baryon
structure, and we expect ζb ≈ 1/2; Λobs is the particular value
of Λ we observe, and a⋆H⋆ is the value of a(τ )H(τ ) today in
our visible universe. We have taken the matter energy per
photon to be ξ = 3.43 eV, and the baryon energy per photon
is ξb = 0.54 eV.
k
2ζba
2
⋆H
2
⋆
Λ
Λobs
k
2ζba
2
⋆H
2
⋆
Λ
Λobs
0.0060 0.00 0.0049 2.9
0.0059 0.25 0.0042 5.5
0.0057 0.78 0.0034 10.6
0.0056 1.0 0.0018 35.7
0.0053 1.6 0.00084 200
inside the past light cone is determined by the duration
of the inflationary period in the earlier universe, specified
by the number of e-folds N . In most inflationary scenario
one imagines that there are many different inflating re-
gions, or “bubble universes”. In each bubble the initial
conditions for the scalar field will differ. The number of
e-folds of inflation experienced by a bubble universe de-
pends on these initial conditions in a model-dependent
fashion. The value of N (and hence k) will therefore be
different in each bubble universe. The curvature parame-
ter k is therefore an environmentally sensitive parameter:
it depends on the part of universe we observe, and will
not be the same everywhere. In our model, when all
other quantities are fixed, Λ is given implicitly as a func-
tion or k by Eq. (26). Hence, the value of Λ that one
observes at a given time is also an environmentally de-
termined parameter. If we existed in a different bubble
universe with a different value of k, we would observe a
different value of Λ. In order for our model to be said to
solve the CC problems, the value of Λ that we do observe
must be shown to be in some sense ’natural’. This means
that, once selection effects such as the requirement that
Λ and k are not so large as to prevent the formation
of non-linear structure in the universe have been taken
into account, the observed value of Λ should, ideally, be
typical amongst all possible bubble universes. One could
then conclude that the observable universe is no more fine
tuned that it must be given that we are here to observe
it.
Observers like ourselves require the universe to be old
enough for a sufficient number of collapsed structures
such as galaxies to have formed, and then for heavy el-
ements to have been formed by stars. If k or Λ are too
large then either the universe will recollapse before these
conditions have been achieved or the growth of structure
will have been so suppressed that even as t→∞, galaxies
never form [23].
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FIG. 2: (a) The relationship between the value of the spatial curvature k and the value of Λ that dominants the classical
history. We show k in units of a2⋆H
2
⋆ where 1/(a⋆H⋆) is a fixed comoving length scale that is equal to 1/(a0H0) for the observed
value of Λ. Λ is shown relative to the value of Λ that we observed, Λobs. Here the k−Λ relationship predicted by our model is
for observations at a time t = tU ≈ 13.77Gyrs. We have also fixed the Λ independent properties of matter by fixing the matter
energy per photon, ξ, and the baryon energy per photon, ξb, to their observed values: ξ = 3.43 eV, ξb = 0.54 eV. We note that
smaller values of k correspond to larger values of Λ. (b) The relationship between Ωm0 ≈ 1−ΩΛ0 and −2Ωk0/ζbΩb0 = N (τ0; Λ)
predicted by our model. When Ωm0 ≈ 1 − ΩΛ0, we find that when N (τ0; Λ) is expressed as a function of ΩΛ0, it is almost
independent of the observation time determined by τ0. For fixed Ωb0/Ωm0 and ζb, Ωk0 corresponds to a specific value of ΩΛ0
independently of τ0. As in (a), we have taken ξ = 3.43 eV, ξb = 0.54 eV.
1. The naturalness of Λ in string landscape models
Before addressing the naturalness of the observed value
of Λ in our model, we consider the extent to which the
string landscape model solves the CC problems. The
string landscape solution to the cosmological constant
problems is totally reliant on anthropic selection effects
to determine the value of Λ. In that scenario, it is as-
sumed that there are many different possible vacua, each
with a different value of vacuum energy, or equivalently
of Λ. The probability of a vacuum having a CC in the
interval [Λ,Λ+ dΛ] is fprior(Λ) dΛ, where fprior(Λ) is the
prior probability distribution of Λ and has not been di-
rectly determined by theory. Anthropic selection effects
provide the probability, fselec(Λ), of being able to ob-
serve a universe with a given value of Λ. By Bayes’ theo-
rem, the unnormalized probability distribution function
of observing a vacuum state with a CC in the interval
[Λ,Λ + dΛ] is:
fΛ(Λ) dΛ = fselec(Λ)fprior(Λ) dΛ.
The form of fselec(Λ) can be estimated by taking the
number of galaxies (collapsed structures with a given
mass) as a proxy for the number of observers, see for
instance Ref. [41] for such a calculation. However, with-
out knowing the form of fprior(Λ), it is not possible to say
whether or not the observed value of Λ is natural. Some
authors argue that a uniform prior is the most reasonable
for small values of Λ. If this is the case then, as shown
in Ref. [41], when all other parameters are fixed, the
observed value of Λ is not atypical, although the most
probable values are still an order of magnitude or two
larger. Specifically, with a uniform prior, and fselec from
Ref. [41], one finds
2.84 <
Λ
Λobs
< 44.63, (68% Confidence), (29)
0.40 <
Λ
Λobs
< 123.68, (95% Confidence),
where Λobs is the particular value of Λ that we observe.
Hence, with a uniform prior, this value is outside the
68% confidence limit by about a factor of 2.8 but inside
the 95% confidence interval. The observed value of Λ is
therefore small but not atypically small here.
A uniform prior is not, however, the only reason-
able choice one could make for fprior(Λ). A log-
prior, fprior dΛ ∝ d lnΛ, or an exponential, fprior ∝
exp(3π/GΛ), have also be supported by theoretical ar-
guments and in both cases the most probable values of
Λ would be many orders of magnitude smaller than the
observed value. In the string landscape and other multi-
verse models, the natural value of Λ is crucially depen-
dent on the choice of prior, and until the prior can be
calculated from first principles using the theory it is not
clear whether this model provides an natural explanation
for the observed value of Λ.
2. The naturalness of Λ in our model
In our model, we shall see below that, just as in land-
scape and other multiverse models, anthropic selection
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FIG. 3: Our model’s prediction for the (prior) probability distribution, fmodel(Λ), for the value of cosmological constant Λ that
one would measure at an observation time t = tU = 13.77Gyrs. In our theory, the observed value of Λ is given as a function of
the spatial curvature, k, inside the observer’s past light cone. The curvature parameter k depends on N , the number of e-folds
of inflation. Hence, ultimately, the probability of astronomers observing a given value of Λ depends on the prior probability
of living in a bubble universe where the universe underwent N e-folds of inflation. The probability distribution function of N
is fN(N). Given an fN(N), our model completely determines the prior probability distribution function, fmodel(Λ). We have
plotted fmodel(Λ) for two different choices of fN(N). Case I is where fN(N) = c(N) where c(N) ≈ const for changes, ∆N , in
N over less than ≈ 2.5% (e.g. a power-law N−p for |p| < 10). Case II is where fN = c(N)e
−3N where again c(N) ≈ const
for ∆N/N . 2.5%. This latter choice is the one calculated in Ref. [42] for slow-roll single-field inflation. In our model this
prediction for the prior probability is independent of the fundamental prior weighting of different values of Λ in the partition
function. Our fmodel(Λ) does not include any observer-dependent selection effects, apart from the requirement that a classical
solution exists. The observed value of Λ is shown by a dotted black line, and the whole shaded region is the symmetric 95%
confidence interval. The darker shaded area is the symmetric 68% confidence interval. In Case I we have calculated the
confidence intervals by sharply cutting off fmodel for Λ > 10
3Λobs, since such large values of the CC are incompatible with
the existence of galaxies. For Λ < 103Λobs we have not included any weighting by probability of living in a universe with a
given Λ. For these natural choices of fN(N), the observed value of Λ is within the 95% confidence interval in both cases, and
well within it for fN = c(N)e
−3N . In both cases, Λ = Λobs is not atypical whatever precise form of the observer conditioned
selection effect parametrized by fselec(Λ). When selection effects are included the probability of larger values Λ & 100Λobs is
further suppressed, and the observed value moves within the 1-σ confidence interval for Case II, and just outside this interval
in Case I. This is shown in FIG 4 below. We have taken the matter energy per photon to be ξ = 3.43 eV, and the baryon
energy per photon is ξb = 0.54 eV, as is observed.
still plays a role in limiting the maximum allowed values
of Λ. The equivalent prior on Λ in our model is the unde-
termined measure µ[Λ] in the partition function. Unlike
for landscape or multiverse models though, this unknown
prior on Λ plays no role. This is because our model re-
quires Λ = Λ0(k) and Λ0(k) is a function of k that is
given by our model. Thus, whatever the prior on Λ, the
normalized posterior probability distribution of Λ given
k is a delta-function,
fΛ|k(Λ; k) = δ(Λ − Λ0(k)),
where Λ0(k) also depends on the size of the observer’s
past light cone, M, and hence observation time. Given
that one lives in a bubble universe with a certain value
of k, and observes it at a given time, in our model there
is only one value that Λ can take. The probability of
measuring a Λ in a given range is then given entirely by
the probability of measuring k in a corresponding range.
It is independent of the measure, or prior, µ[Λ].
Now the curvature parameter k is related to the num-
ber of e-folds N , since k = k(N) = k¯e2(N¯−N) for some
fixed N0 and k¯. As above, 1/(a⋆H⋆) is a comoving length
scale equal to 1/a0H0 in our particular universe. In the
expression for k(N), N¯ is the number of e-folds required
to bring about the bound |Ωk| < |k¯|/H2⋆a2⋆ today. We
are free to take |k¯| = 10−2a2⋆H2⋆ . Depending on the ef-
ficiency of reheating after the end of inflation, we have
N¯ & 50− 62 in realistic inflation models.
The probability distribution for k in different bub-
ble universes, fk(k) dk, is therefore given by fN (N) dN ,
the probability distribution of the number of e-folds, N .
Specifically, we have
fk(k(N)) = fN (N)
∣∣∣∣ dNdk
∣∣∣∣ = fN (N(k))2k .
The calculation of fN (N) dN , that is of the probability
that the number of e-folds lies in the region [N,N + dN ]
is the measure problem for inflation, and has been the
subject of a considerable amount of work and debate as
to which is the correct measure. Recently, Gibbons and
Turok [42] used the natural canonical measure on the
space of all classical universes, provided by the Hamil-
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FIG. 4: The predicted posterior probability distribution, fΛ(Λ) = fselec(Λ)fmodel(Λ), for the value of cosmological Λ that one
would measure at an observation time t = tU = 13.77Gyrs. Here, Λobs is the particular value of Λ that we have observed.
In our theory, the observed value of Λ is given as a function of the spatial curvature, k, inside the observer’s past light cone.
The curvature parameter k depends on N , the number of e-folds of inflation. Hence, ultimately, the probability of astronomers
observing a given value of Λ depends on the prior probability of living in a bubble universe where the universe underwent N
e-folds of inflation. The probability distribution function of N is fN(N). Given an fN(N), our model completely determines the
probability distribution function, fmodel(Λ), of Λ prior to the inclusion of selection effects. In the above plots we have included
the limits on Λ due to observational selection effects using the prescription for fselec given by Tegmark et al. in [41] which uses
the number of galaxies as a proxy for the number of observers. When these are included, the full posterior probability of living
in a bubble universe where one observes a given value of Λ is fΛ(Λ). Additionally, we find that the inclusion of selection effects
makes fΛ(Λ) only relatively weakly dependent on the form of fN(N) because for allowed values of Λ, the required k (and hence
N) vary only over a small range. We have plotted fΛ(Λ) for two different choices of fN(N). Case I is where fN(N) = c(N)
where c(N) ≈ const for changes, ∆N , in N over less than ≈ 2.5% (e.g. a power-law N−p for |p| < 10). Case II is where
fN = c(N)e
−3N where again c(N) ≈ const for ∆N/N . 2.5%. This latter choice is the one calculated in Ref. [42] for slow-roll
single-field inflation. In both cases we see that the observed value of Λ (dotted black line) is well inside the 95% confidence
interval (the shaded areas), and near the boundary of the 68% confidence interval (the more darkly shaded area). In Case I,
Λ = Λobs is just outside this interval, whereas in Case II it is just inside it. In both cases, it is clear that the observed value
of Λ is typical and can be explained without the need for fine tuning. We have taken the matter energy per photon to be
ξ = 3.43 eV, and the baryon energy per photon is ξb = 0.54 eV for all values of Λ.
tonian of general relativity [43], to show that in single-
field, slow-roll inflation, fN (N) = c(N)e
−3N , where c(N)
is model dependent but generally changes much more
slowly with N than exp(−3N). The exp(−3N) suppres-
sion indicates that the region of phase space that results
in a long-lived period of slow-roll inflation is very small
(however, the result is to some extent just an artefact
of having no high-energy cut-off where the theory in-
evitably breaks down). To find this fN, Gibbons and
Turok (GT) have to regularize the canonical measure
by imposing a cut-off on the curvature and the end of
inflation or equivalently on the scale factor at the end
of inflation i.e. a < amax. The regularized measure is
then ∝ a3max. If one takes amax to be independent of
N , then it drops out of the normalized probability dis-
tribution for N , and fN(N) ∝ e−3N . An alternative
procedure would be to place the cut-off on the curva-
ture at the beginning of inflation or, equivalently, on the
scale-factor there. In this case, at the end of inflation,
a < amax ∝ eN . We would then have fN → e3NfN(N),
and so fN = c(N). This procedure factors in a weighting
by volume. Another example where fN = c(N) and c(N)
varys much more slowly with N than exp(−3N) was es-
timated by Freivogel, Kleban, Rodriguez Martinez, and
Susskind (FKRMS), and then extended by De Simone
and Salem in the context of eternal inflationary models
on the string landscape [44, 45]. They found fN ∝ N−4.
Our model unambiguously predicts the prior probabil-
ity of living in a universe with effective CC in the interval
[Λ,Λ+ dΛ]. We define this to be fmodel(Λ) dΛ, and it is
given (up to a calculable normalization factor) by
fmodel(Λ) =
∫
dk fΛ|k(Λ; k)fk(k), (30)
=
fN(N(k0(Λ)))
2
∣∣∣∣ d ln k0(Λ)dΛ
∣∣∣∣ ,
where k0(Λ) follows from Eq. (26). Note that k0(Λ) also
depends on the observation time, and the matter/baryon
energy per photon. Depending on the form of fN(N), the
prediction for fmodel(Λ) may indicate that the observed
value of Λ is natural independently of selection effects
conditioned on the existence of observers. We discuss
this point below.
The dependence on the precise form of fN(N) is greatly
weakened when selection effects on Λ are included. Then,
21
we have that, in our model, the (unnormalised) posterior
probability of living in a universe with effective CC in
the interval [Λ,Λ + dΛ] is fΛ(Λ) dΛ, where
fΛ(Λ) = fselec(Λ)fmodel(Λ).
Roughly, the observer-conditioned selection effects on Λ
limit its value to be no more than about 1000 times that
which is observed in our universe (Λobs). Tegmark et al.
[41] calculated fselec(Λ) by using the number of galaxies
(virialized halos with a mass & 1012M⊙) as a proxy for
the number of observers. We use their form of fselec here
when evaluating fΛ(Λ).
Unlike in the string landscape model, fΛ(Λ) and
fmodel(Λ) have no dependence on the unknown prior
weighting of different values of Λ. All that is required
in order to specify fΛ(Λ), or fmodel(Λ), fully is to specify
the prior probability of the number of e-folds, fN(N). At
present, much more is known and and is calculable about
the form of fN(N) for different inflation models than is
known about the landscape prior on Λ. Also, we shall
see that fΛ(Λ) is much less sensitive to the precise form
of fN(N) than the string landscape model is to Λ-prior.
In Table I we provide the value of k (in units of H2⋆a
2
⋆)
required by our model for different values of Λ at an ob-
servational time of 13.77Gyrs. Larger values of Λ require
a smaller value of k, and hence a larger value of N . Given
that fN(N) is generally estimated to be a decreasing func-
tion of N, this means that the probability of larger values
of Λ will be suppressed relative to smaller values. An-
thropic limits on Λ imply that it could not have been
more than about 1000 times larger the value we observe.
In this allowed range the required k for a given Λ de-
creases by less than a factor of 10. Thus, the required
number of e-folds, N = N0(Λ) = N(k0(Λ), changes by
less than ∆N ≈ ∆(ln k)/2 . ln(10)/2 ≈ 1.2. At the
same time, N0(Λ) & N¯ > 50−62 in realistic models, and
so ∆N/N . 0.025. So, unless | d ln fN(N)/ d lnN | & 10
or so, we have fN(N) ≈ const for anthropically allowed
values of Λ. Such a flat fN(N) emerges if we weight the
GT probability distribution for N (which is ∝ e−3N ) by
the bubble universe 3-volume at any given time, (which
is ∝ e3N). We then have fN = c(N) where c(N) is fairly
flat (e.g. c(N) ∝ N−1/2 if the inflationary potential is
∝ m2φ2 [42]). The FKRMS estimate of fN ∝ N−4 is
another example where fN is fairly flat for ∆N/N ≪ 1
[44, 45]. In both these cases fN ≈ const for allowed values
of Λ and so the precise form of fN(N) is unimportant.
The GT measure on inflationary solutions has fN ∝
e−3N and so | d ln fN/ d lnN |3N ≫ 10. Thus, if this
measure is correct we should not approximate fN by a
constant. We therefore consider this and the fN ≈ const
cases separately.
We note that if fN(N) ∝ e−3N , the suppression of
large values of N, and of hence large Λ values, is actually
sufficient to place the observed value of Λ within the 95%
confidence interval for Λ prior to the inclusion of selection
effects. Even if we take fN = c(N), where c(N) is fairly
flat, the Λobs is inside 95% confidence interval of the prior
probability distribution function for Λ, when one imposes
a sharp cut-off on Λ > 103Λobs. We illustrate this in FIG.
3 where we have plotted fmodel(Λ) for an observation time
of tU = 13.77Gyrs. The entire lighter shaded region is
the symmetric 95% confidence interval, and the darker
shaded region is the symmetric 68% confidence interval.
The dotted black line marks the observed value of the
CC, Λobs. We see that even before we have included
selection effects which suppress Λ ≫ 100Λobs outcomes,
the observed value of Λ is not atypical with either general
form of fN(N). For comparison, in the multiverse or
landscape model with a uniform prior and a sharp cut-
off on Λ > 103Λobs, Λ ≤ Λobs is much less likely and
has a probability of only 0.1% prior to the inclusion of
selection effects.
Whilst there are anthropic selection effects on k, these
are automatically satisfied when k is small enough for
a classical solution to exist. The existence of a clas-
sical solution is therefore by far the strongest selec-
tion effect on k. Current observational limits require
−0.084 < k/a2⋆H2⋆ < 0.0133 at 95% confidence, where
1/a⋆H⋆ is the measured value of the comoving Hubble
radius, rH = 1/aH, today. All the values of k in Table I
are well within these limits, and so the existence of a clas-
sical solution in our model is sufficient to explain why we
must live in a bubble universe where k is within the cur-
rent observational limits, and hence why our observable
universe must have undergone a large number of e-folds
of inflation, no matter how unlikely that is a priori.
We now turn our attention to the posterior probability,
fΛ(Λ) dΛ, of observing Λ in the interval [Λ,Λ + dΛ] in
our model. We consider the consequences of two general
forms of fN(N): (I) fN(N) = c(N) where c(N) ≈ const
in the allowed range (i.e. less steep than ∼ N−10) and
(II) fN(N) ≈ c(N)e−3N where again c(N) ≈ const for
allowed Λ values. Finally, for fselec(Λ) we take the form
calculated by Tegmark et al. in Ref. [41].
In Case I, with fN(N) = c(N) ≈ const, we have
fΛ(Λ) dΛ ∝ fselec(Λ)
∣∣∣∣ d ln k(Λ)dΛ dΛ
∣∣∣∣ ,
and in case II where fN(N) ∝ c(N)e−3N
fΛ(Λ) dΛ ∝ fselec(Λ)k3/2(Λ)
∣∣∣∣ d ln k(Λ)dΛ dΛ
∣∣∣∣ .
In FIG. 4, we plot ΛfΛ(Λ) against ln(Λ/Λobs) for the
two cases given above. We also show the 68% and 95%
confidence limits on Λ in both cases. In case I, for
fN(N) = c(N) ≈ const, these limits are:
1.31 <
Λ
Λobs
< 18.37, (68% Confidence), (31)
0.19 <
Λ
Λobs
< 48.13, (95% Confidence).
In case II, where fN(N) = c(N) exp(−3N), (c(N) ≈
22
const) we have:
0.76 <
Λ
Λobs
< 10.03, (68% Confidence), (32)
0.11 <
Λ
Λobs
< 26.27, (95% Confidence).
We note that, with the same selection effects, for both
choices of fN, our model prefers smaller values of Λ than
does the string landscape model with a uniform prior.
In both cases, the observed value of Λ, Λobs, is well
within the 95% confidence limit. In case I with a power-
law fN(N), Λ = Λobs is just outside the 68% confidence
limit, whereas with fN ∝ exp(−3N), it is just inside
this limit. Thus, whichever form fN(N) takes, the ob-
served value of Λ is typical within our model. Note again
that this conclusion is independent of the precise form of
fN(N), and totally independent of the prior weighting of
different values of λ.
3. The Coincidence Problem
To address the coincidence problem directly we can
calculate the probability that the cosmological timescale
tΛ = 1/
√
Λ introduced by the CC correlates with the
current age of the universe, tU ≈ 13.77Gyrs. We define
r = | ln(tU/tΛ)|, and take, fairly arbitrarily, r to be our
measure of the coincidence in the values of tΛ and tU.
If r ≪ 1 there is a strong coincidence in the two times,
whereas if r ≫ 1 there is not. Using fposterior(Λ) as pro-
vided by our model, we calculate probabilities of living in
an observable universe where, at a time tU = 13.77Gyrs,
r < r0 for different choices of r0. We find:
P (r = | ln(tU/tΛ)| < 12 ) = 14%, (33)
P (r < 1) = 36%, (fN = c(N)),
P (r < 12 ) = 22%, (34)
P (r < 1) = 53%, (fN = c(N)e
−3N ),
where in both c(N) cases, | d ln c/ d lnΛ| . 10. It is clear
from these figures that within our model, a coincidence
in the values of tU and tΛ is quite typical. If we were
to do the same calculation for the landscape model with
uniform prior on Λ, we would find 7.0% and 19.7% re-
spectively for P (r < 1/2) and P (r < 1). Thus, even if
we have uniform prior on Λ, the probability of tU and
tΛ coinciding to within a given factor is smaller in the
landscape model than in our proposal.
An alternative quantitative statement of the coinci-
dence problem is the probability of observing O0 <
ΩΛ0 < 1 − O0 for some O0, e.g. for O0 = 0.1 and
O0 = 0.05, we find:
P (ΩΛ0 ∈ (0.10, 0.90)) = 23%, (35)
P (ΩΛ0 ∈ (0.05, 0.95)) = 31%, (fN = c(N)),
P (ΩΛ0 ∈ (0.10, 0.90)) = 35%, (36)
P (ΩΛ0 ∈ (0.05, 0.95)) = 47%, (fN = c(N)e−3N ).
For comparison, with the same selection effects and a
uniform prior on Λ, the landscape model gives:
P (0.10 < ΩΛ0 < 0.90) = 11%
P (0.05 < ΩΛ0 < 0.95) = 16%.
Again, the observation of a cosmic coincidence in the
values of tΛ and tU is not atypical in our model or in the
string landscape model with uniform prior. However, it is
significantly more likely in the model we have proposed,
and our model is independent of the choice of prior for
Λ.
IV. CONCLUDING REMARKS AND POSSIBLE
QUESTIONS
The cosmological constant problem and the related co-
incidence problem are two of the most important un-
solved problems in cosmology, and are also of importance
for high-energy physics and the search for a complete
theory of quantum gravity. So far, cosmologists have
only been able to describe the effects of the cosmologi-
cal constant by introducing an arbitrary Λ term chosen
to have the observed value (Λobs), or to model it by a
scalar field that evolves so slowly that its (dark) energy
density is ‘almost’ a cosmological constant at late times
(as in quintessence models). It is known that the exis-
tence of galaxies, which one may take as a pre-requisite
for atom-based observers such as ourselves, would not
be possible if Λ & 103Λobs. In the context of a multi-
verse of different universes, each with a different Λ, us-
ing the anthropic upper limit Λ . 103Λobs to explain
the observed Λ depends heavily on the prior likelihood
of finding different values of Λ in the multiverse. This
prior, fprior(Λ) dΛ, is the fraction of all universes with
a CC in the region [Λ,Λ + dΛ]. If, for Λ . 103Λobs,
we have fprior(Λ) ≈ const, then the observed value of
Λ is not atypical in universes compatible with the an-
thropic limit. Other plausible forms for the prior in-
clude a uniform prior in log-space, fprior ∝ 1/Λ, or the
form fprior ∝ exp(3π/GΛ). In either case, non-zero
values of Λ would be greatly disfavoured and the ob-
served value of Λ highly unnatural. However, until it is
clear that a uniform prior is (at least approximately) the
form of fprior predicted by fundamental theory, the mul-
tiverse/anthropic explanation of Λ remains incomplete.
Even if it is correct, the multiverse explanation has not
so far made any testable predictions.
We have presented a new proposal for solving the cos-
mological constant and coincidence problems. Crucially,
in contrast to the multiverse explanation, our proposal
makes a falsifiable prediction. The essence of our new
approach is that the bare cosmological constant λ is pro-
moted from a parameter to a field. The minimisation
of the action with respect to λ then yields an additional
field equation, Eq. (1) which determines the value of the
effective CC, Λ, in the classical history that dominates
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the partition (wave) function of the universe, Z. Our
proposal is agnostic about the theory of gravity and the
number of space-time dimensions.
In the sense that the cosmological constant is promoted
to a field, there is a superficial similarity between our
proposal and quintessence models. In the latter, the ef-
fective cosmological constant depends on a scalar field,
φ(xµ), and the variation of the action with respect to φ
gives a local second-order differential equation which de-
termines the dynamics of φ up to a specification of two
free functions of initial data. In our proposal, the differ-
ent values of λ are summed over in the partition function
of the universe, and hence λ is a field rather than pa-
rameter, but it is not a local scalar field. Whereas a
scalar field, φ(xµ), may take a different value at every
point in space-time, λ is the same at all points in a given
classical history. Hence, the additional field equation ob-
tained from the variation of the action with respect to λ
is not, as in quintessence theories, a local second-order
differential equation in λ (ie φ), but is instead an integral
equation, Eq. (3), where the domain of integration is the
same as for the action in the partition function, and is
algebraic in λ. This algebraic property means that there
are no initial or boundary data for λ to specify (unlike in
the quintessence case) and our method makes a unique
prediction for the value of λ in terms of the universal
configuration of gravitational and matter fields.
A specific application of our proposal generically re-
sults in a testable prediction. We have taken the action
in the wave / partition function, Z, of the universe to be
defined on some manifold M. A choice of definition for
M (e.g. the causal past of the observer) is required for
a specific application of our proposal. Different choices
will result in different predictions for the effective CC,
Λ. With a given M, the equation for λ, Eq. (1) can
be viewed as a consistency equation which relates the
configuration of metric and matter variables in M to λ.
Eq. (1) can be viewed as a consistency condition on
the configuration of the effective CC, Λ, the matter, Ψa,
and metric, gµν , fields in M. The consistency condition
provided by Eq. (1) will be violated for the vast major-
ity of potential configurations {gµν ,Ψa,Λ} (even if one
demands that gµν , Ψ
a obey their respective field equa-
tions). If observations determine a set of {gµν ,Ψa,Λ}
for which Eq. (1) is violated then our proposal would
be falsified. At the same time, if the observed configu-
ration is consistent with Eq. (3) to within observational
limits, then our proposal would, for the time being, have
passed an important empirical test and remain a credi-
ble solution to the CC problems. In addition, if one has
measured Λ but not (or at least not fully), the {gµν ,Ψa} ,
then Eq. (1) would require that a certain functional of
the undetermined {gµν ,Ψa} vanishes. This would repre-
sent a prediction of our model which could be tested and
falsified by subsequent observations.
In §II we formally described our proposal in its most
general form. In §III, we considered in detail the specific
and simple case where M is taken to be the causal past
of the observer. With this choice of M, the partition
function, Z[M], and Λ equation, only depend on those
parts of the universe to which the observer is causally
connected. For a given observer, this choice of M is
well-defined in a coordinate invariant fashion. Using this
choice, we found that Eq. (3) for Λ reduces to a simple
form which, keeping only the dominant terms, requires a
balance between the spatial curvature and the contribu-
tion of baryonic matter to the matter Lagrangian density,
Lmatter. We defined Lmatter = −ζbρbaryon where ρbaryon
is the density of baryonic matter and ζb is a constant
whose value can in principle be calculated from QCD. Us-
ing an approximate analytical model for baryon structure
(the chiral bag model), we estimated ζb ≈ 1/2. Given the
complexity of modelling baryon structure, we conserva-
tively estimate that ζb = 1/2 only to within ±30% or
so.
We found that Eq. (3) is consistent with the cur-
rent observable limits on Λ, the spatial curvature, and
other observable properties of our universe. If this ap-
plication of our theory is correct, then the spatial curva-
ture of our universe must take a particular value. This
value depends on ΩΛ0 = Λ/3H
2
0 , and the matter and
baryon energy per photon, ξ and ξb respectively as well
as the time at which observation take place which can
be parametrized, for instance by the age of the universe,
tU or the CMB temperature, TCMB. Taking values of
ΩΛ0 = 0.73, ξ = 3.43 eV and ξb = 0.54 eV (consistent
with observations), we found that the observed dimen-
sionless spatial curvature must be:
Ωk0 = −0.0056
(
ζb
1/2
)
.
For reasonable values of ζb ∼ 1/2, this is within the cur-
rent 68% confidence limit Ωk0 = −0.0023+0.0054−0.0056 from
the combination of WMAP7 CMB data, with BAO and
H0 measurements. Additionally, the predicted value of
Ωk0 should be easily confirmed or ruled out by future
measurements of the CMB, H0 and baryon acoustic os-
cillations (BAO). For example, a combination of Planck
CMB data with the WFMOS BAO has been estimated
to be able to determine Ωk0 to a 1-σ accuracy of about
1.76 × 10−3 [47]. With the addition of BAO data from
the Square Kilometre Array (SKA) or something similar,
the accuracy could be increased to 5.64 × 10−4 at 68%
confidence [47]. This would be more than sufficient to
rule out an Ωk0 at the predicted level whatever the pre-
cise value of ζb. This could conclusively test our model as
an explanation of the CC problems in the real universe.
For the time being, our model is consistent with cur-
rent observations. We also considered the extent to which
the observed value of Λ is typical within our model, and
hence whether or not our model can truly be said to
solve the CC problems. We found that in our theory
the probability of living in a region of the universe where
one observes a given value of Λ was independent of the
fundamental prior weighting on different values of Λ: in-
stead, it was completely determined by the probability
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distribution of the number of e-folds of inflation in the
early universe, fN(N). Larger values of Λ require smaller
k and hence more e-folds of inflation. However, the dif-
ference in the value of N required for Λ = 0 and a CC
on the edge of the anthropic upper limit (Λ ∼ 103Λobs)
is only ∆N . 1.2. At the same time, for a single value of
Λ to dominate the partition function, and hence for the
universe to behave classically, one requires a fairly small
curvature and hence N & 50− 62 (depending on the ef-
ficiency of reheating). Thus, the anthropically allowed
range of values of Λ correspond to a range of e-folds with
N ∈ [N¯ , N¯ +∆N ], where ∆N/N¯ ≪ 1. This means that
the dependence of the posterior probability distribution
for Λ depends only fairly weakly on fN(N).
Unless there is a strong (exponential) preference for
a value of N¯ + ∆N over N¯ (which would increase the
preference for larger Λ) we found that the observed value
of Λ is indeed typical within our model. Specifically, the
observed value, Λobs, lies close (either just inside or just
outside depending on fN) the symmetric 1-σ confidence
interval for Λ. We also found that the probability of
us observing the cosmological coincidence between the
value of tΛ and the age of the universe is relatively high
(14− 53% depending on how one quantifies what counts
as a coincidence).
Our proposal for solving the CC is similar in certain
respects to other multiverse models such as the string
landscape, when Λ takes different values in different
vacua/parts of the multiverse. Despite this similarity,
it differs from multiverse / landscape models in three
crucial respects:
(1) Our model is, unlike multiverse models, indepen-
dent of the fundamental prior weighting on different val-
ues of Λ;
(2) The preference for small Λ is our model does not
come wholly from anthropic selection effects as it does
in multiverse models. Roughly, the prior probability
for different values of Λ is uniform for Λ . O(few)Λobs
and approximately uniform in log-space for larger values.
This means that the probability of observing a value of
Λ ∼ O(Λobs) is typically higher in our model by a factor
of 2− 5;
(3) Our model makes a testable prediction for Ωk0 that
can be falsified by upcoming CMB/BAO surveys.
We now address some possible questions about our pro-
posal:
1. “What is the equation of state of dark energy in this
model?”: The equation of state is exactly w = −1
i.e. a pure cosmological constant / vacuum energy.
Provided that Eq. (3) has a solution, observers see
a classical history with a single constant value of the
effective CC Λ (as determined by Eq. (3)). Since
the Λ is observed to be constant, it has an effective
pressure, PΛ, equal in magnitude but opposite in
sign to its effective energy density, ρΛ = κ
−1Λ and
hence w ≡ PΛ/ρΛ = −1.
2. “Does the observed effective CC depend the time of
observation?”: Yes (but see Q. 3). In §III, we the
manifold, M, on which the action was defined to
be the causal past of the observer, which clearly de-
pends on the time (and position) of the observer.
The observed Λ depends on M and ∂M through
Eq. (3) and hence also depends on the observa-
tion time. Crucially, however, Λ is not seen to
evolve. The classical history that dominates the
wave function, Z[M], has a single constant value
of Λ throughout the observer’s past, M. Thus
all observations are consistent with a single con-
stant Λ as given by Eq. (3). The observation time
changes, so does the classical history that domi-
nants the parition function. Observers at slightly
different times would see slightly different classical
histories respectively consistent with slightly differ-
ent values of Λ. In this way, our proposal is quite
unlike the ‘ever-present lambda’ models [48] where
Λ arises as a random space-time fluctuation and
is always inversely proportional to the square root
of the space-time 4-volume, so Λ ≈ Gt−2 at time
t. Everpresent-Λ models have severe observational
problems [49] and furthermore are only consistent
with Λ ∼ 1/t2U in 3 + 1 dimensions (in D+1 space-
time dimensions Λ ∼ t−(D+1)/2U in natural units).
3. “Can observers at different times establish that they
measure different values of Λ?”: No (at least not
classically). Different values of Λ correspond to dif-
ferent classical histories. For an observer at one
time to communicate the value of Λ that they mea-
sure to another observer (or even the same ob-
server) at a later time, and hence reveal that the
two values are different, they would have to find a
way of sending information from one classical his-
tory to another. At the classical level (at least) this
is not possible. Classically, an observer will see only
a history consistent with the value of Λ, equal to
Λ⋆ say, for their observation time. This would in-
clude seeing reports of / remembering all previous
measurements of Λ as giving Λ = Λ⋆.
4. “How does Λ change with observation time for the
model presented in §III?”: It decreases as the ob-
servation time increases. As the observation time,
to increases, the value of the spatial curvature k
that is required (i.e. k0(Λ, to)) for a given value of
Λ decreases i.e. k0(Λ, t1) > k0(Λ, t2 > t1), so at
fixed Λ, ∂k0/∂to|Λ < 0. We found that at fixed
t, ∂k0/∂Λ|t < 0. For a given observer, k is fixed.
Thus, defining the observed CC at to to be Λ(to),
we must have:
dk0(Λ(to), to)
dto
= 0 =
dΛ(to)
dto
∂k0
∂Λ
+
∂k0
∂to
.
It follows that dΛ(to)/ dto < 0. This also means
that at some point in the future, k will be too large
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for Eq. (3) to admit a classical solution. The uni-
verse would then cease to have a dominant classical
history. One could view this as in some sense the
end of the classical universe.
5. “Does this proposal require the existence of a multi-
verse / landscape?”: No, not in the sense of an en-
semble of “parallel” universes with different phys-
ical constants. However our model does not ex-
clude it either. Our model does require that the
spatial curvature is different for different causally
disconnected observers, a scenario that is naturally
realized in the context of inflationary theory. Dif-
ferent bubbles of space-time will undergo different
amounts of inflation and hence have a different spa-
tial curvature at the same time, however these dif-
ferent bubble universes are all part of the same uni-
verse in the sense that a hypothetical tachyonic as-
tronaut could in principle travel between them.
6. “What role does inflation play in this model?”: In-
flation in important in this model in two related
ways. Firstly, it makes the spatial curvature a spa-
tially varying quantity which is different in different
super-horizon-sized regions, and dependent on the
number of e-folds of inflation that took place in
each causally connected part of the universe. Pro-
vided the whole universe (not just the part we see)
is large enough (or infinite) the values of k required
for a classical history to dominate the wave func-
tion in our model will occur at least somewhere.
It seems reasonable to assume that this classical-
ity is a prerequisite for the existence of observers
such as ourselves. Provided this is the case, it is
immediately clear that we could only ever live in
those parts of the universe where the number of e-
folds N, and the hence spatial curvature k, lies in
the small range we reviewed where classical solu-
tions exist and anthropic upper-bounds on Λ hold.
Secondly, in our model the prior probability (i.e.
prior to the inclusion of the anthropic bounds) of
observing a CC in [Λ,Λ+ dΛ] is related the proba-
bility of a given spatial curvature and hence to the
probability of a given number of e-folds of inflation.
7. “If future observations rule out the predicted value
of Ωk0 does this rule out this proposal?”: Yes, the
application of our scheme given in §III where we
takeM to the observer’s causal past would be con-
clusively ruled out. It may be that one could argue
the case for a different choice of M, and find an-
other application consistent with observations but
this is not something we have investigated at this
time. Certainly the choices we made for the partic-
ular application of our proposal in §III seem to be
the most simple and natural. The only wiggle room
is if the QCD parameter ζb is significantly differ-
ent from 0.5, but the required value would then be
determined by observations and could be checked
against a detailed QCD calculation of ζb.
In summary: we have introduced a new approach to
solving the cosmological constant and coincidence prob-
lems. The bare CC, λ, or equivalently the minimum of
the vacuum energy, is allowed to take many possible val-
ues in the wave function, Z, of the universe. The value of
the effective CC in the classical history that dominates
Z is given by a new integral field equation, Eq. (1). Our
scheme is agnostic about the theory of gravity and the
number of space-time dimensions. We have applied it
in its simplest and most natural form to a universe in
which gravity is described by GR. The observed classical
history will be completely consistent with a non-evolving
cosmological constant. In an homogeneous and isotropic
model of the universe with realistic matter content we
find that the observed value of the effective CC is typi-
cal, as is a coincidence between 1/
√
Λ and the present age
of the universe, tU . Unlike explanations of the CC prob-
lem that rely only on Bayesian selection in a multiverse,
our model in independent of the unknown prior weight-
ing of different Λ values, and makes a specific numeri-
cal prediction for the observed spatial curvature parame-
ter. Specifically, we should observe Ωk0 = −0.0056(2ζb),
where the QCD bag parameter is ζb ≃ 0.5. This pre-
diction is consistent with current observations but can
be tested by Planck/BAO observations in the very near
future. In conclusion, we have described a new type of
solution of the cosmological constant problems. It is con-
sistent with observation and free of fine-tunings, requires
no new forms of dark energy or modifications to the low-
energy theory of gravity, and is subject to high-precision
test by future observations.
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Appendix A: Connection with Unimodular Gravity
Central to the paradigm we have proposed for solving
the CC problems is the promotion of the bare cosmologi-
cal constant, λ, from a fixed parameter to a field. Hence
the wave-function (partition function) of the universe is
a super-position of all possible values of λ. This concept
is not new, and it has been seen to arise naturally in
the study of unimodular gravity (see Refs. [33, 46] and
references therein).
1. Unimodular Gravity
Classically, the field equations of unimodular gravity
are equivalent to those of general relativity but with the
cosmological constant undetermined. Unimodular grav-
ity was first formulated in a non-covariant fashion in
terms of the usual Einstein-Hilbert action for GR (and
minimally coupled matter action) but with the degrees of
freedom in the metric, gµν , restricted by the constraint√−g = 1. The total action is the unmodified and, drop-
ping surface terms, for some λ is given by:
Itot =
1
2κ
∫
M
R(g)
√−g d4x− 1
κ
∫
M
λ
√−g d4x
+
∫
M
√−g d4xLmatter.
Since
√−g the second term on the right-hand side (the
bare CC term) is just a constant and so does not con-
tribute to the field equations found by requiring δItot = 0.
Varying this action with respect to the unit modulus met-
ric, g˜µν = (−g)−1/4gµν , gives the trace-free part of the
usual Einstein equation:
Rµν − 1
4
Rgµν = κ
[
T µνmatter −
1
4
gµνTmatter
]
.
Using ∇µT µνmatter = 0 and ∇µRµν = ∇νR/2 we have
∇µ(R + κTmatter) = 0→ R = −κTmatter + 4Λ,
where Λ = const is a constant of integration. Using the
above equation, we then recover the usual Einstein equa-
tion with effective cosmological constant Λ:
Rµν − 1
2
Rgµν = κT µνmatter − Λgµν .
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In this formulation of unimodular gravity, there is no con-
nection between the effective CC, Λ, and either the bare
cosmological constant λ or the vacuum energy from mat-
ter ρvac. Since
√−g = 1, it follows that in unimodular
gravity the 4-volume, VM, of M is fixed where:
VM =
∫
M
√−g d4x.
Fixed VM is usually taken to be the defining feature of
unimodular gravity.
Since Λ can take any possible value, the partition/wave
function of the universe in unimodular gravity includes a
sum over all values of Λ with some unspecified weighting
µ[Λ]:
Zuni =
∫
µ[Λ] dΛDgµνDΨaeiItot .
Other than the unspecified weight function, µ[Λ], an-
other issue with the original formulation of unimodular
gravity is that the constraint
√−g = 1 is not diffeomor-
phism invariant. Henneaux and Teitelboim [33] found
an action for unimodular gravity that is both diffeo-
morphism invariant and has the shift symmetry under
Λ→ Λ + const which fixes µ[Λ] = const.
The Henneaux-Teitelboim action is
IHT ≡ Igrav + Im − 1
κ
∫
M
λ
(√−g − ∂µv˜µ) d4x,
where Igrav is the Einstein-Hilbert action for gravity plus
surface terms, Im is the matter action including the con-
tribution from the vacuum energy; v˜µ is a vector-density
field and λ = λ(xµ) is a scalar field. In this formulation√−g is not fixed a priori. However, varying the action
with respect to the scalar field λ gives
√−g ≡ ∂µv˜µ. It
follows that there is a shift symmetry under λ→ λ+ δλ
for constant δλ
IHT → IHT − δλ
κ
∫
M
(√−g − ∂µv˜µ) = IHT,
where the last equality comes from
√−g = ∇µv˜µ. Vary-
ing the action with respect to v˜µ gives:
δIHT =
1
κ
∫
M
[v˜µ∂µλ+ ∂µ (λδv˜
µ)] .
For the ∂µ(λδv˜
µ) term to vanish, we must have δv˜µnµ = 0
on ∂M, where ∂M corresponds to f(xµ) = 0 and nµ ∝
∇µf . With δv˜µ so fixed on ∂M, δIHT/δv˜µ = 0 gives
∂µλ = 0⇒ λ = const,
and so λ, which represents the bare cosmological con-
stant, is an arbitrary space-time constant. Varying the
action with respect to gµν and requiring that any surface
integrals vanish on ∂M, gives
Rµν − 1
2
Rgµν = κT µνm − λgµν = κT µνmatter − Λgµν ,
where T µνm = T
µν
matter − ρvacgµν and Λ = λ+ κρvac is the
effective CC. Since
√−g = ∂µv˜µ, requiring nµδv˜µ = 0
fixes the four-volume, VM, and ensures that the HT ac-
tion really does describe a unimodular theory of gravity:
VM =
∫
M
d4x
√−g =
∫
M
d4x∂µv˜
µ,
δVM =
∫
M
d4x∂µδv˜
µ = 0.
The partition function for the HT unimodular action is:
ZHT =
∫
DλDv˜µDgµνDΨaµ[Λ]eiIHT ,
where the sum over configurations is for v˜µ normal to
∂M and the matter and metric variables are fixed on the
boundary.
2. An Alternative Formulation of Our Model
Now, with Itot = Igrav+Im+ICC[λ, gµν ;M], we define
we have IHT = Itot + Iv[λ, v˜
µ;M] where
Iv =
1
κ
∫
M
λ∂µv˜
µ = −
∫
M
d4x v˜µ∂µλ (A1)
+
1
κ
∫
M
∂µ (λv˜
µ) ,
= Iδ + Iv−surf ,
Iδ = −
∫
M
d4x v˜µ∂µλ, Iv−surf =
1
κ
∫
M
∂µ (λv˜
µ) .
Here, Iv−surf is a total derivative and so represents a
surface term in the action and Iδ has the property that∫
Dv˜µeiIδ ∝ δ[∂µλ],
where δ[∂µλ] is a functional δ-function peaked about
space-time constant configurations of λ, and so acts as∫
Dλ δ[∂µλ]A[λ, . . . ] =
∫ ∞
−∞
dλA[λ, . . . ].
It follows that the partition function in our proposal can
be rewritten (up to an arbitrary and irrelevant overall
constant) as
Z[M] =
∫
dλDgµνDΨaµ[Λ]eiItot (A2)
=
∫
Dλ δ[∂µλ]
∫
DgµνDΨaµ[Λ]eiItot ,
=
∫
DλDv˜µDgµνDΨaµ[Λ]ei(Itot+Iδ=IHT−Iv−surf ),
where in our proposal the sum over configurations is for
some fixed set
{
QA
}
of the metric and matter variables
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fixed on the boundary; v˜µ is just a Lagrange multiplier
field here and so is not assumed to be fixed anywhere.
It is clear from the second line of Ref. (A2) that there is
an aesthetic similarity between the partition function in
our proposal and that in the HT formulation of unimod-
ular gravity. Both theories can be formulated in terms
of a scalar field λ(xµ) and vector-density v˜µ in addition
to the usual metric and matter fields. When written in
this way, the action in our proposal is Itot + Iδ with dif-
fers from the action in the HT proposal by a surface term
Iv−surf . The two formulations also differ in terms of what
is taken to be fixed on the boundary, with the main dif-
ference being that in HT unimodular gravity, v˜µ is fixed
normal to ∂M, which in turn fixes the 4-volume, VM, of
M. In our formulation the addition of the subtraction
of the surface term Iv−surf relative to IHT, means that
one no longer needs to require δv˜µnµ = 0 on ∂M, and
hence the VM is not fixed in our proposal and it is not a
unimodular gravity theory, despite its similarities to the
HT theory.
Varying the action in our model, produces terms pro-
portional to δλ. Defining Ifull = Itot + Iδ, and assuming
a GHY surface term for gravity for illustrative purposes
δIfull =
∫
M
d4x
[
1
2κ
E˜µνδgµν + Φ˜aδΨ
a − κ−1δv˜µ∂µλ
−κ−1δλ (√−g − ∂µv˜µ)]
+
∫
∂M
√
|γ| d3x [κ−1Nµνδγµν + ΣaδΨa
−κ−1δλfµv˜µ
]
,
where ∂M corresponds to f(xµ) = 0, f < 0 in M, and
fµ = ∇µf . Here, γµν is the induced metric on ∂M, and
E˜µν = Eµν = κT µνmatter − Gµν − Λgµν ; Φ˜a =
√−gΦa
and Λ = λ + ρvac is the effective CC. The classical field
equations for gµν and Ψ
a are then Eµν = Φa = 0 and
these cause the variation of Ifull with respect to gµν and
Ψa to vanish in the bulk (i.e. inM). Similarly, requiring
δIfull = 0 with respect to variations of λ and v˜
µ in the
bulk gives:
√−g = ∂µv˜µ, ∂µλ = 0.
When these field equations hold in the bulk, δIfull reduces
to surface integrals over ∂M. Since ∂µλ = 0, the allowed
variations of λ are those for which δλ is a space-time
constant. Hence,
δIfull =
∫
∂M
d3x
√
γ
[
κ−1N˜µνδγµν + Σ˜aδΨa
−δλ
∫
∂M
d3xκ−1fµv˜µ
]
,
=
∫
∂M
d3x
√
γ
[
κ−1N˜µνδγµν + Σ˜aδΨa
]
−δλ 1
κ
∫
M
√−g d4x,
where in the second line we have used
√−g = ∂µv˜µ to
eliminate all appearances of the Lagrange multiplier field
v˜µ.
We wish to have δIfull = 0 for the classical solution.
This could be achieved by taking δγµν = δΨ
a = 0 (for
all λ) on ∂M and δλ = 0. Indeed fixing γµν and Ψa on
∂M would, modulo the field equations, generally fix λ
and set δλ = 0. However, fixing λ in M returns us to
the usual action of general relativity where the bare CC
is some fixed external parameter. Thus, to preserve the
nature of λ as a configuration variable that is integrated
over the partition function, we cannot take either δλ = 0
or δγµν = δΨ
a = 0 (for all λ).
In our scheme for solving the CC problems, we propose
making a different ansatz: δγµν = Hµνδλ and δΨa =
Paδλ where the form of Hµν and Pa must be consistent
with the classical field equations. This is equivalent to
fixing γµν and Pa only for each value of λ rather than
for all λ. Then, we have
δIfull = δλ
(∫
∂M
√
γ d3x
[
κ−1NµνHµν +ΣaPa
]
−κ−1
∫
∂M
d3x fµv˜
µ
)
,
and so we can have classical solutions where δIfull = 0
without having to externally fix λ (i.e. set δλ = 0).
Quantum mechanically, λ can take all possible values and
the partition/wave function is a super-position over his-
tories with all possible values of λ. Classically, the dom-
inant history is the one where the value of λ is such that
δIfull = 0 i.e.:∫
∂M
√
γ d3x
[
κ−1NµνHµν +ΣaPa
]
=
1
κ
∫
∂M
d3x fµv˜
µ
=
1
κ
∫
M
√−g d4x.
In §II B, we showed that equation of Λ in our theory is
entirely equivalent to
dIclass
dλ
= 0,
where Iclass is the value of Itot when the classical field
equations hold for the matter and the metric.
Since λ only ever appears in the other field equations in
the combination λ+κρvac = Λ, this is a field equation for
the effective CC, Λ. We note that by introducing the La-
grange multiplier field v˜µ, this field equation is equivalent
to the vanishing of a surface-integral over the boundary
∂M. In this sense, it can be said to be holographic.
3. Summary
In this appendix, we have seen that our proposal
can alternatively be formulated in terms of the action
Ifull = Itot + Iδ and an ansatz about how the boundary
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metric and matter fields depend on Λ which is required
to preserve the freedom to vary the bare cosmological
constant λ.
We noted that Ifull is almost equivalent to the
Henneaux-Teitelboim action, IHT for unimodular gravity
with the only difference between a surface term, Iv−surf .
Despite this similarity, the subtraction of Iv−surf from
IHT to Ifull greatly alters the properties of the theory as
in our model one does not need to fix the four-volume,
VM, whereas in the HT model, as a unimodular gravity
theory, VM must be held fixed to return the usual clas-
sical field equations. Both unimodular gravity and our
proposal feature a sum over all possible values of the bare
CC, λ, in the partition function. This sum includes an
unspecified weight, or prior, on Λ: µ[Λ]. In unimodu-
lar gravity there is no accompanying classical field equa-
tion for λ and so it remains completely unspecified. The
weighting µ[Λ] then plays an important role in determin-
ing the relative contributions of different values of λ to
the partition function. In our model, the subtraction of a
surface term from the unimodular action, combined with
the ansatz about the dependence of boundary quantities
on λ, provides a field equation which determines the clas-
sical value of the effective CC. The partition function is
strongly peaked about the value of λ for which this field
equation holds. In this classical limit, only this value
of λ contributes to the partition function and µ[Λ] sim-
ply becomes an irrelevant overall constant multiplying
the partition function. Its form is no longer important.
Physics in our model is independent of the prior weight-
ing function µ[Λ] to an excellent approximation whereas
in unimodular gravity it is not. We also saw that the
Λ equation in our model can be written in a holographic
fashion, as the vanishing of an integral over the boundary
∂M.
Appendix B: Surfaces Terms in General Relativity
In this appendix we rederive, for completeness, the
form of the surface terms which must be added to the
usual Einstein-Hilbert action, IEH, to make it first order
in derivatives of the metric. The need for these boundary
terms was first realized by York [35], and then rediscov-
ered and refined by Gibbons and Hawking [36]. York,
and then Gibbons and Hawking, explicitly derived the
form of the required surface term for a non-null bound-
ary. The equivalent surface terms for null boundaries
follow from a double null decomposition of the Einstein
field equations, see Refs. [37, 38], although this has
rarely been explicitly stated. We detail the derivation of
the Gibbons-Hawking-York (GHY) surface terms, IGHY,
for a ‘cosmological’ boundary defined to be the union of
the surface of past-light cone of a given observer, ∂Mu
boundary and some initial hypersurface ∂MI with time-
like normal. For this setting, we explicitly state how the
variation of Igrav = IEH + IGHY depends on the metric
on the boundary. We also restate the definition of York’s
cosmological surface term, IYC, defined in Ref. [35], since
this is relevant for boundaries such as the initial singu-
larity.
We take M to be the manifold where u(xµ) < 0 and
0 < τ(xµ) < τ0 for some u(x
µ) and τ(xµ). We define
u(xµ) = τ0 on the past-light of an observer (at τ = τ0)
and w(xµ) to be a null coordinate that lies perpendicular
to u, defined so that τ = (u + w)/2; τ is a timelike
coordinate i.e. ∇µτ∇µτ < 0.
An integral over M is equivalent to an integral over
the whole space-time weighted by H(−u)H(τ)H(τ0 − τ)
where H(y) is the Heaviside function which is unity for
y > 0 and vanishes for y < 0; dH(y)/ dy = δ(y) where
δ(y) is the Dirac delta function.
We therefore write:
M = {xµ : H(τ0 − u)H(τ)H(τ0 − τ) > 0} ,
and ∂M = ∂Mu ∪ ∂MI where ∂Mu is {u = τ0, 0 < τ <
τ0} and ∂MI is {u < τ0, τ = 0}. We define uµ = ∇µu
and wµ = ∇µw. Now u and w are null coordinates
so uµuµ = wµw
µ = 0 and we define uµw
µ = −2e−2σ.
We also define τµ = ∇µτ . Since τ = (u + w)/2 it fol-
lows that τµτ
µ = −e−2σ. We define mµ = eστµ so
that mµm
µ = −1 and then nµ = eσuµ. We then have
mµn
µ = 1. Finally, we define {θi}, i = 1, 2, to be in-
trinsic coordinates on the surfaces, S, of constant τ and
u. We define eiµ = ∂µθ
i. The metric gµν can then be
decomposed thus:
gµν = nµnν + 2n(νmµ) + hµν , (B1)
where hµνn
µ = hµνm
µ = 0.
The Einstein-Hilbert action for General Relativity is:
IEH =
1
2κ
∫
M
√−gR(g) d4x,
where R(g) is the Ricci scalar curvature of gµν . This is
second order in derivatives of the metric.
1. GHY Surface Term
On a non-null boundary, the Gibbons-Hawking-York
surface term, IGHY , is the surface term that must be
added IEH to make IEH + IGHY first order in derivatives
of the metric. It is natural to extend this definition to null
boundaries, so that on a general boundary IEH + IGHY
is first order in derivatives of the metric. We use this
definition to find the form of IGHY for our ∂M. This
is more simply and clearly done by writing the metric
in terms of a vierbein EIµ, I = 1, 2, 3, 4, where gµν =
EIµE
J
ν ηIJ for some fixed ηIJ ; detη = −1. We choose
a form for ηIJ suited for a decomposition of the metric
along a null and a time-like direction:
ηIJ =
(
I2×2 0
0 N2×2
)
, N2×2 =
(
1 1
1 0
)
,
I2×2 = diag(1, 1).
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We use ηIJ and its inverse η
IJ to raise and lower indices
I.
It follows from gµν = E
I
µE
J
ν ηIJ that
gµν = E
3
µE
3
ν + 2E
3
(µE
4
ν) +
2∑
i=1
EiµE
j
ν . (B2)
Comparing Eqs. (B1) and (B2), we see that we can take
E3µ = nµ, E
4
µ = mµ and then hµν = E
1
µE
1
ν+E
2
µE
2
ν . With
intrinsic coordinates {θi} on {u, τ} = const surfaces, S,
we have: Eiµ = a
i
j
[
eiµ +K
iuµ + β
jτµ
]
and let hij =∑
l a
l
ia
l
j . hij is then the induced 2-metric on S and
Ki and βi are shift 2-vectors. We also define a ‘radial’
coordinate, r, on surfaces of constant τ by r = (u−w)/2.
Thus, we have
gµν dx
µ dxν = e2σ du2 − 2eσN du dτ + hijDθiDθj ,
Dθi = dθi +Ki du+ βi dτ.
Now EµI is a 4-vector and so
R(g) = EνI [∇µ,∇ν ]EµI = ∇µ
[
EνI∇νEµI − EµI∇νEνI
]
+∇µEµI∇νEνI −∇µEνI∇νEµI .
We define ωµνρ = −ωµρν = EρI∇µEνI . In terms of the
vierbein, we can rewrite IEH in the following form:
IEH =
1
2κ
∫
M
√−g d4xR(g) = − 1
κ
∫
M
∂ρ
[√−gωµµρ]
+
1
2κ
∫
M
√−g d4x [ωννρωµµρ − ωµνρωνµρ] .(B3)
All second derivatives of the vierbein, and hence also of
the metric, are contained in the term
− 1
κ
∫
M
∂ρ
[√−gωµµρ] .
Since this term is a total derivative it is equivalent to a
surface integral over ∂M. IGHY is the surface term which
must be added to the action to remove second derivatives
of the metric, it is clear from Eq. (B3) that:
IGHY =
1
κ
∫
M
∂ρ
[√−gωµµρ] == I(u)GHY + I(I)GHY ,(B4)
I
(u)
GHY =
1
κ
∫
∂Mu
eσ
√
hdτ d2θ [−nρωµµρ] , (B5)
I
(I)
GHY =
1
κ
∫
∂MI
eσ
√
h dr d2θ [−mρωµµρ] . (B6)
Then, with Gµν = Rµν − 12Rgµν , varying IEH + IGHY
with respect to the vierbein gives:
δ(IEH + IGHY) = − 1
2κ
∫
M
d4x
√−gGµνδgµν
− 1
2κ
∫
M
d4x∂ρ
[√−gSµνρ2EνIδEIµ] .
where
Sµνρ = ωνµρ − ωσσρgµν + ωσσµgνρ,
We note that SµνρVµVρ = 0 for any Vµ.
We define:
δI(u) + δI(I) = − 1
2κ
∫
M
d4x∂ρ
[√−gSµνρ2EνIδEIµ] ,
δI(u) =
1
2κ
∫
∂Mu
eσ
√
h dτ d2θ
[
nρS
µνρ2EνIδE
I
µ
]
,
δI(I) =
1
2κ
∫
∂MI
eσ
√
h dr d2θ
[
mρS
µνρ2EνIδE
I
µ
]
.
We now re-express the I
(u)
GHY, I
(I)
GHY , δI
(u) and δI(I) in
a more familiar form in terms of the geometry of the
boundaries ∂Mu and ∂MI . We note that EIρωµνρ =
∇µEνI and so
− nρωµνρ = −E3ρωµνρ = −∇µnν ,
−mρωµνρ = −E4ρωµνρ = −∇µmν .
a. Null Boundary: We begin by considering the null
boundary, ∂Mu, given by u = 0. We define Kµν to be
the extrinsic curvature of hµν along n
µ:
Kµν = Kνµ = −1
2
hµρhνσLnhρσ = −hµρhνσ∇ρnσ.
Thus, with K = Kµνgµν = Kµνhµν and using nρnρ = 0,
−nρωµµρ = −∇ρnρ = K − nµmν∇µnν = K + ν,
where
ν = −nµmν∇µnν = −Lnσ = −nµ∇µσ
is the in-affinity. Using this, the GHY term on ∂Mu can
be written succinctly as:
I
(u)
GHY =
1
κ
∫
∂Mu
eσ
√
h dτ d2θ [K + ν] .
We now consider δI(u) with u and τ fixed δE3µ = δnµ =
nµδσ and δE
4
µ = δmµ = mµδσ. Using these equations
and Sµνρnµnρ = 0
nρS
µνρ2EνIδE
I
µ =
2∑
i=1
nρS
µνρ2EνiδE
i
µ+2nρnνmµS
µνρδσ,
and
nρS
µνρ = ∇νnµ − gµν∇ρnρ + ωσµσ nν ,
hµρ∇ρnν can be decomposed as
hµρ∇ρnν = −Kµν + nνmσhµρ∇ρnσ (B7)
= −Kµν + nµωµ,
ωµ = hµρmσ∇ρnσ,
31
and we define Kij = Kµνeiµejν and ωi = ωµeiµ; ωi = ωjhij .
Then, we find:
nρnνmµS
µνρ = nνmµ∇νnµ −∇ρnρ
= −ν + (K + ν) = K,
2∑
i=1
nρS
µνρ2EνiδE
i
µ = [(K + ν)hµν −Kµν ] δhij
+2e−σωiδβi.
Finally, we have:
δI(u) =
1
2κ
∫
∂Mu
N
√
h dτ d2θ
[
nρS
µνρ2EνIδE
I
µ
]
(B8)
=
1
2κ
∫
∂Mu
N
√
h dτ d2θ
[
(Kij −Khij)δhij
+2Kδσ + 2e−σωiδβi
]
.
b. Initial hypersurface: On the initial hypersurface
∂MI is given by τ = 0 and hence mµ is the unit normal
to ∂MI . The induced 3-metric on surfaces of constant τ
is γµν = gµν +mµmν where
γµν dx
µ dxν = e2σ dr2+hij
[
dθi +Ki du
] [
dθj +Kj du
]
,
and r = (u− w)/2. The extrinsic curvature of γµν is
Kµν = −1
2
γµργνσLmγρσ = −γµρ∇ρmν ,
and Kµν = Kνµ; Kµνmµ = 0. Since m
µ = Eµ4:
ωνµρmρ = ∇νmµ = −Kµν −mνaµ,
where aµ = mν∇νmµ is the acceleration; aµmµ = 0.
It follows that ∇µmµ = −K = −Kµνγµν , and so using
eσ
√
h =
√
γ and d3x = dr d2θ:
I
(I)
GHY =
1
κ
∫
∂MI
eσ
√
h dr d2θ [−mρωµµρ]
=
1
κ
∫
∂MI
√
γ d3xK.
We also find that:
Sµνρmρ = −Kµν +Kγµν −mνAµ.
where Aµ = [aµ − γµρωσσρ] and so Aµmµ = 0.
Thus, we have,
Sµνρmρ2EνIδE
I
µ = [Kγ
µν −Kµν ] 2E(νIδEIµ)
= [Kγµν −Kµν ] δγµν ,
where we have used δmµ = mµδσ. The contribution,
δI(I), to the variation surface term from ∂MI is there-
fore:
δI(I) =
1
2κ
∫
∂MI
eσ
√
hdu d2θ
[
mρS
µνρ2EνIδE
I
µ
]
,
=
1
2κ
∫
∂MI
√
γ d3x [Kγµν −Kµν ] δγµν .
c. GHY Term for the Full Boundary: Using the
results derived above, the full GHY surface term for
∂M = ∂Mu ∪ ∂MI is:
IGHY =
1
κ
∫
∂Mu
N
√
h dτ d2θ [K + ν] (B9)
+
1
κ
∫
∂MI
√
γ d3xK,
and
δ(IEH + IGHY) = − 1
2κ
∫
M
√−g d4xGµνδgµν (B10)
+
1
2κ
∫
∂MI
√
γ d3x [Kγµν −Kµν ] δγµν ,
+
1
2κ
∫
∂Mu
eσ
√
h dτ d2θ
[
(Kij −Khij)δhij
+2Kδσ + 2e−σωiδβi
]
.
2. York’s Cosmological (YC) Surface Term
In Ref. [35], York also considers a ‘cosmological’ sur-
face term, IYC, in the action. On ∂MI this is:
I
(I)
YC =
1
3κ
∫
∂MI
√
γ d3xK = I
(I)
GHY −
2
3κ
∫
∂MI
√
γ d3xK.
Thus, we have
I
(I)
YC = δI
(I)
GHY −
1
2κ
∫
∂MI
√
γ d3x
[
2
3
Kγµν +
4
3
δK
]
.
Hence, if we define Igrav = IEH + I
(u)
GHY + I
(I)
GHY we have:
δIgrav = − 1
2κ
∫
M
√−g d4xGµνδgµν (B11)
− 1
2κ
∫
∂MI
√
γ d3x
[
P˜µνδγ˜µν +
4
3
δK
]
,
+
1
2κ
∫
∂Mu
eσ
√
hdτ d2θ
[
(Kij −Khij)δhij
+2Kδσ + 2e−σωiδβi
]
,
where
P˜µν = (det γ)5/6
[
Kµν − 1
3
Kγµν
]
,
γ˜µν = (det γ)
−1/3γµν .
